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Statistical thinking will one day 

be necessary for effective 

citizenship as the ability 

to read and write 

 

      – H. G. Wells 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 



 

PrefacePrefacePrefacePreface … 
 We feel indeed very happy to present the book of Statistics Paper – II, 'Continuous 

Probability Distributions-I' to the students of S.Y.B.Sc./S.Y.B.A. It is written according to the 

revised syllabus of Savitribai Phule Pune University, Pune with effect from June 2014. 

 The overwhelming response for text book at F.Y.B.Sc./B.A. encouraged to write this book.  

 The main purpose of the book is to provide foundation as well as comprehensive 

background of continuous probability distributions to the beginners in simple and 

interesting manner. In order to make the contents of the book easier to comprehend, we 

have included a requisite number of illustrations, remarks, figures, diagrams etc. to elucidate 

statistical concepts.  

 The inclusion of MS-EXCEL commands and R commands is an additional feature of the 

book. It will help the students to compute the probabilities and fit the distributions.  

 Applications of Statistics in real life situations is emphasized through illustrative 

examples. Ample number of graded problems, theoretical as well as numerical, objective 

type questions are provided at the end of each chapter along with hints and answers.                

The numerical problems will also be useful for the S.Y.B.Sc. students to prepare for                    

Paper – III : practicals. A list of practicals is given in the syllabus. The appendix compiles 

some important mathematical results which are needed during the entire course and normal 

probability paper. A specimen paper is set for students self assessment. 

 This book will also serve the purpose of reference book for M.B.A., C.A., I.C.W.A., 

T.Y.B.Com., F.Y.B.Sc. (Computer Science). 

 It will be also useful to prepare for statistics quiz competition, science quiz and 

competitive examinations. 

 We especially thank Prof. Pawagi V. R. for valuable help in bridging out this book. 

 We are also thankful to Mr. Dineshbhai Furia  and the staff of Nirali Prakashan for 

bringing out this book in short time. Mr. M. P. Munde and Mrs. Angha Medhekar deserve 

special thanks for the co-operation they have extended to us. Finally, our family members 

deserve special thanks for the support, encouragement and tolerance. 

We request our colleagues, teaching Statistics to offer their criticisms and suggestions, for 

further improvement of the book. 
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SyllabusSyllabusSyllabusSyllabus … 
1. Continuous Univariate Distributions (12 L) 

 1.1 Continuous sample space : Definition, Illustrations, Continuous random variable : 

Definition, Probability density function (p.d.f.), Cumulative distribution function 

(c.d.f.), Properties of c.d.f. (without proof), Probabilities of events related to random 

variable. 

 1.2 Expectation of continuous r.v., Expectation of function of r.v. E [g(x)], Mean, 

Variance, Geometric mean, Harmonic mean, Raw and central moments, Skewness, 

Kurtosis. 

 1.3 Moment generating function (M.G.F.) : Definition and properties, Cumulant 

generating function (C.G.F.) : Definition, Properties. 

 1.4 Mode, Median, Quartiles. 

 1.5 Probability distribution of function of r.v. : Y = g(X) using (i) Jacobian of 

transformation for g(⋅) monotonic function and one-to-one, on to functions,            

(ii) Distribution function for Y = X2, Y = |X| etc., (iii) M.G.F. of g(X).  

2. Continuous Bivariate Distributions (12 L) 

 2.1 Continuous bivariate random vector of variable (X, Y) : Joint p.d.f., Joint c.d.f., 

Properties (without proof), Probabilities of events related to r.v. (events in terms of 

regions bounded by regular curves, Circles, Straight lines). Marginal and 

conditional distributions. 

 2.2 Expectation (r.v.), Expectation of function of r.v. E [g(X, Y)], Joint moment,                

Cov (X, Y), Corr (X, Y), Conditional mean, Conditional variance, E [E(X|Y = y)] = E(X), 

Regression as a conditional expectation. 

 2.3 Independence of r.v. (X, Y) and its extension of k dimensional r.v. Theorems on 

expectation : (i) E (X + Y) = E (X) + E (Y), (ii) E (XY) = E (X) E (Y), if X and Y are 

independent, Generalization to k variables E (aX + bY = c), Var (aX + bY + c).  

 2.4 M.G.F. : MX, Y (t1, t2), Properties, M.G.F. of marginal distribution of r.v.s., Properties. 

  (i) MX, Y (t1, t2) = MX (t1, 0) MY (0, t2), if X and Y are independent r.v.s. 

  (ii) MX + Y (t) = MX, Y (t, t). 

  (iii) MX + Y (t) = MX (t) MY (t) if X and Y are independent r.v.s. 

 2.5 Probability distribution of transformation of bivariate r.v. U = φ1 (X, Y), V = φ2 (X, Y). 

3. Standard Univariate Continuous Distributions   

 3.1 Uniform of Rectangular Distribution (03 L) 

  Probability density function (p.d.f.) f(x) = 





1

b – a
; a ≤ x ≤ b

0 ; otherwise

  

  Notation : X → U [a, b]. 

  p.d.f., Sketch of p.d.f., c.d.f., Mean, Variance, Symmetry, Distribution of (i) 
X – a

b – a
 ,          

(ii) 
b – X

b – a
 ,  (iii) Y = F(X), where F(X) is the c.d.f. of continuous r.v. X. 



 

  Application of the result of model sampling. (Distributions of X + Y, X – Y, XY and 

X/Y are not expected.) 

 3.2 Normal Distribution (12 L) 

  Probability density function (p.d.f.).  

  f(x) = 



 1

σ 2π
 e

– 
1

2σ
2 (x – µ)

2

; – ∞ < x < ∞; – ∞ < µ < ∞; σ > 0

0 ; otherwise

  

  Notation : X → N (µ, σ2). 

  p.d.f. curve, Identification of scale and location parameters, Nature of probability 

curve, Mean, Variance, M.G.F., C.G.F., Central moments, Cumulants, β1, β2, γ1, γ2, 

Median, Mode, Quartiles, Mean deviation, Additive property, Computations of 

normal probabilities using normal probability integral tables, Probability 

distribution of : (i) 
X – µ

σ
 , Standard normal variable (S.N.V.), (ii) aX + b,                   

(iii) aX + bY + c, (iv) X2, where X and Y are independent normal variates. Probability 

distribution of 
–
X, the mean of n i.i.d. N (µ, σ2) r.vs. Normal probability plot,                 

q-q plot to test normality. Model sampling from normal distribution using             

(i) Distribution function method and (ii) Box-Muller transformation as an 

application of simulation.  

  Statement and proof of central limit theorem (CLT) for i.i.d. r.vs with finite positive 

variance. (Proof should be using M.G.F.). Its illustration for Poisson and Binomial 

distributions. 

 3.3 Exponential Distribution (04 L) 

  Probability density function (p, d, f).  f(x) = 


 αe–αx ; x ≥ 0; α > 0

0 ; otherwise
  

  Notation : X → E (α). 

  Nature of p.d.f., Density curve, Interpretation of α as rate and 1/α as mean, Mean, 

Variance, M.G.F., C.G.F., c.d.f., Graph of c.d.f., Lack of memory property, Median, 

Quartiles. Distribution of min (X, Y) with X, Y i.i.d. exponential r.v.s. 

 3.4 Gamma Distribution  (05 L) 

  Probability density function (p.d.f.) f(x) = 





α2

Γλ
 xλ–1 e–αx ; x ≥ 0; α > 0

0 ; otherwise

  

  Notation : X → G(α, λ). 

  Nature of probability curve, Special cases : (i) α = 1, (ii) λ = 1, M.G.F., C.G.F., 

Moment, Cumulants, β1, β2, γ1, γ2, Mode, Additive property. Distribution of sum of 

n i.i.d. exponential variables. Relation between distribution function of Poisson and 

Gamma variables.  
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ChapterChapterChapterChapter    1… 
Continuous Univariate Probability 

Distributions  
 

 

Pierre-Simon Laplace  

 

 

Pierre-Simon, marquis de Laplace (23 March 1749 – 5 March 

1827) was a French mathematician and astronomer whose work 

was pivotal to the development of mathematical astronomy and 

statistics. He summarized and extended the work of his 

predecessors in his five-volume Mécanique Céleste (Celestial 

Mechanics) (1799–1825). This work translated the geometric 

study of classical mechanics to one based on calculus, opening 

up a broader range of problems. In statistics, the Bayesian 

interpretation of probability was developed mainly by Laplace. 

Laplace formulated Laplace's equation, and pioneered the 

Laplace transform which appears in many branches of 

mathematical physics, a field that he took a leading role in 

forming. The Laplacian differential operator, widely used in 

mathematics, is also named after him. He restated and developed 

the nebular hypothesis of the origin of the solar system and was 

one of the first scientists to postulate the existence of black holes 

and the notion of gravitational collapse. 

 

Contents … 

1.0 Introduction 

1.1 Continuous Random Variable 

1.2 Continuous Probability Distribution 

1.3 C.D.F. 

1.4 Expectation of Continuous Random Variable 

1.5 Moments of Continuous R.V. 

1.6 M.G.F. 

1.7 C.G.F. 

1.8 Median and Quartiles 
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Key Words : 

 Continuous sample space, continuous random variable, probability density function 

(p.d.f.), cumulative distribution function (c.d.f.), expectation, moments, mode, median, 

geometric mean, harmonic mean partition values, moment generating function (M.G.F.), 

cumulant generating function (C.G.F.), probability distribution of transformation of a r.v.  

Objectives : 

 Conversion of a non-numeric continuous sample space to set of real numbers with the 

help of continuous r.v. To obtain summary statistics of a continuous r.v. To study the nature 

of r.v. such as central value, spread, symmetry. To develop tools such as M.G.F., C.G.F. for 

further study. To obtain probability of events related to continuous r.v. To obtain the 

probability distribution of a r.v., which is a function of r.v. 

1.0 Introduction 

 We have seen that, there are three types of sample spaces (i) finite, (ii) countably infinite 

and (iii) continuous. In this chapter we discuss the random variables defined on continuous 

sample space. 

 A sample space which is finite or countably infinite is called as denumerable or 

countable. If the sample space is not countable then it is called continuous. In other words 

for a continuous sample space Ω we can not have one to one correspondence between Ω 

and set of natural numbers {1, 2, ..... }. Illustrations of uncountable sample space : 

 (1) Suppose, weight of an oil bag having the capacity of 1 kg filled by an automatic 

filling machine is noted.  

 The sample space will be an interval in the neighbourhood of 1 kg such as                             

Ω = (0.980, 1.005). 

 (2) Suppose in an experiment, life of an electronic component in hours is recorded. 

 The sample space in this case may be an interval as a part of R+ such as Ω = (0, 5000) 

Note : A continuous sample space is a subset of real line. 

1.1 Continuous Random Variable 

 In general, we define a random variable X (ω) as a real valued function on domain Ω. If 

the range set of X (ω) is continuous the r.v. is continuous. The range set will be a subset of 

real line. 

 Illustrations of continuous r.v. :  

 (1) Weight of a person in kg. 

 (2) Consumption of electricity of a town in a specific month. 

 (3) Daily rainfall in cm. at a particular place. 

 (4) Instrumental error (measured in suitable units) in the measurement.  

 (5) Life in hours of an electrical component. 
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 Note : The distinction between continuous random variable and discrete random 

variable is as follows :  

 (1) A continuous r.v. takes all possible values in a range set. The set is in the form of 

interval. On the other hand discrete r.v. takes only specific or isolated values. 

 (2) Since, a continuous r.v. takes uncountably infinite values no probability mass can 

be attached to a particular value of r.v. X. Therefore, P (X = x) = 0 for all x. However 

in case of a discrete r.v., probability mass is attached to individual values taken by 

r.v.  

 In case of continuous r.v. probability is attached to an interval which is a subset of R.   

1.2 Continuous Probability Distribution 

 In case of discrete r.v. using p.m.f. we get probability distribution of r.v., however in case 

of continuous r.v. probability mass is not attached to any particular value. It is attached to an 

interval. The probability attached to an interval depends upon its location. 

 For example, P (a < X < b) varies for the different values of a and b. In other words, it 

will not be uniform. In order to obtain the probability mass associated with any interval, we 

need to take into account the concept of probability density. 

 A function f (x) which is to be treated as a probability density function, should be a  

non-negative and continuous function of x. The probability that a variable X takes values in a 

small interval 








x – 
δx

2
‚ x + 

δx

2
 will be the product of length of interval and the value of 

density function f (x) at the centre of interval. 

 ∴  P 








 x – 
δx

2
 < X < x + 

δx

2
 ≈ f (x) . δx 

 Note : Here, we assume that the probability density is constant over the interval 









x – 
δx

2
‚ x + 

δx

2
 . This assumption will not be valid for large interval. To overcome this 

difficulty we integrate f (x) w.r.t. x over the given interval. (In case of discrete r.v. we take 

summation). Thus, P (a < X < b) = ⌡⌠

a

b

 f (x) dx. 

 (2) The above probability is a definite integral, hence geometrically it is the area under 

curve y = f (x) bounded by X axis and the ordinates at a and b. 

 Precise definition of probability density function is as follows. 

 Definition : A real valued function f (x) is called as a probability density function (p.d.f.) 

of a continuous random variable X if,  

 (i) f (x) ≥ 0 ;  – ∞ < x < ∞        (ii) ⌡⌠

– ∞

∞

  f (x) dx = 1. 
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 Note :  (1) Since, probability is associated with any individual value is zero,                              

P (a < X < b) = P (a ≤ X < b) = P (a < X ≤ b) = P (a ≤ X ≤ b) = ⌡⌠

a

b

  f (x) dx = Area under the 

curve f (x) bounded between X axis and the ordinates at a and b. 

 It is shown in the following figure by shaded region. 

 (ii) ⌡⌠

– ∞

∞

  f (x) dx, can be interpreted as        

P (– ∞ < X < ∞). It also represents the total  

area under the density curve bounded by  

X-axis. Thus, the total area under the curve 

= P (– ∞ < X < ∞) =⌡⌠

– ∞

∞

  f (x) dx = 1. 

 

y = f(x)

a b X

Y

 

Fig. 1.1 

 (iii) If A ⊂ R, then P (X ∈ A) = ⌡⌠
A

 

  f (x) dx.  

 (iv) f(x) need not be less than 1. 

 Example : Let X be r.v. with following p.d.f.    

     f(x) = 2 , 0 ≤ x ≤ 1/2  

      = 0 , otherwise  

 It is a p.d.f.,  

 since f(x) > 0 for x ∈ [0, 1/2] and ⌡⌠
0

1/2

 f(x) dx = 1. 

 Example 1.1 : Verify which of the following functions are p.d.f.s  

 (i)  f (x) = 3x2 ; 0 ≤ x ≤ 1 

    = 0 ; otherwise 

 (ii)  f (x) = 2 e– x ; x ≥ 0 

    = 0 ; otherwise  

 Solution : To verity whether f (x) is p.d.f. we need to verify the following two conditions 

(a) f (x) ≥ 0 ∀ x and (b) ⌡⌠

– ∞

∞

  f (x) dx = 1, 

 (i) f (x) = 3x2 ≥ 0 ∀ x and ⌡⌠

– ∞

∞

  3x2 dx = ⌡⌠
0

1

  3x2 dx = [x3]
1 
0  = 1 

 Therefore, f (x) is a p.d.f. 
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