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PrefacePrefacePrefacePreface … 
 We feel indeed very happy to present this text-book of 'Statistics Paper-II' Sampling 

Distributions and Inference (ST-222)  to the students of S.Y.B.Sc. The book is written 

according to the revised syllabus of Savitribai Phule, Pune University with effect from            

June, 2014. 

 The main purpose of the book is to provide foundation as well as comprehensive 

background of Probability Theory and statistical methods to beginners in simple and 

interesting manner. In order to make the contents of the book easier to comprehend, we 

have included a requisite number of illustrations, remarks, figures, diagrams etc. to elucidate 

statistical concepts. Application of Statistics in real life situations is emphasized through 

illustrative examples.  Ample number of graded problems, theoretical as well as numerical 

are provided at the end of each chapter along with hints and answers. The numerical 

problems will also be useful for the F.Y.B.Sc. students computer science to prepare for Paper 

– III : Practicals. A list of practicals is given in the syllabus. Appendix A compiles some 

important mathematical results which are needed during the entire course. Values of 

individual terms of binomial probabilities are given in Appendix B. A specimen paper is set 

for student's self assessment. We have included MS-EXCEL and R-software in finding 

probabilities and tests of hypotheses. It is an additional feature of the book. 

 This book will also serve the purpose of reference book for M.B.A., C.A., M.P.M., classes. 

 We are thankful to Mr. D. K. Furia and the staff of Nirali Prakashan for bringing out this 

book in short time. Mrs. Anagha Medhekar and Mr. Santosh Bare deserve special thanks for 

the work done with atmost care and sincerely. Finally, our families deserve special thanks for 

their support, encouragement and tolerance. 

 We request our colleagues, teaching Statistics to offer their criticism and suggestions, for 

further improvement of the book. 

 

    – Authors 

Kartiki Ekadashi  

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



SyllabusSyllabusSyllabusSyllabus … ST-222 : Sampling Distributions and Inference     
1  Chi-square (χχχχ

2

n) Distribution  (10 L) 

 1.1  Definition χ2 r.v. as sum of squares of i.i.d. standard normal variables, derivation of 

p.d.f. of χ2 with n degrees of freedom (d.f.) using M.G.F., nature of p.d.f. curve, 

computations of probabilities using tables of χ2 distribution. Mean, variance, M.G.F., 

C.G.F., central moments, β1, β2, γ 1, γ2, mode, additive property. 

 1.2 Normal approximation : 
χ
2

n − n

2n
 with proof. 

 1.3 Distribution of 
X

X + Y
 and 

X

Y
 ,  where X and Y are two independent chi-square 

random variables. 

2. Student's t-distribution  (06 L) 

 2.1 Definition of T r.v. with n d.f. in the form T = 
U

χ
2

n/n
 , where U → N(0, 1) and χ

2

n is a 

χ2 r.v. with n d.f. and U and χ
2

n  are independent r.v.s. 

 2.2 Derivation of p.d.f., nature of probability curve, mean, variance, moments, mode, 

use of tables of t-distribution for calculation of probabilities, statement of normal 

approximation. 

3. Snedecore's F-distribution (06 L) 

 3.1  Definition of F r.v. with n1 and n2 d.f. as Fn1, n2 = 
χ
2

n1
/n1

χ
2

n2
/n2

  where χ
2

n1
  and χ

2

n2
  are 

independent chi-square r.v.s with n1 and n2 d.f. respectively. 

 3.2 Derivation of p.d.f., nature of probability curve, mean, variance, moments, mode. 

 3.3 Distribution of 1/Fn1, n2, use of tables of F-distribution of calculation of 

probabilities. 

 3.4 Interrelations among, χ2, t and F variates. 

4. Sampling Distributions  (08 L) 

 4.1 Random sample from a distribution as i.i.d. r.v.s. X1, X2, …, Xn. 

 4.2 Notion of a statistic as function of X1, X2, …, Xn with illustrations. 

 4.3 Sampling distribution of a statistic. Distribution of sample mean 
–
X from normal, 

exponential and gamma distribution, Notion of a standard error of a statistic. 

 4.4 Distribution of 
nS2

σ2
 = 

1

σ2  

n

∑
i = 1

  (Xi − 
–
X)2 for a sample from a normal distribution using 

orthogonal transformation. Independence of 
–
X and S2. 



5. Exact Tests  (18 L) 

 5.1 Tests based on chi-square distribution : 

  (a) Test for independence of two attributes arranged in 2 × 2 contingency table. 

(With Yates' correction). 

  (b) Test for independence of two attributes arranged in r × s contingency table, 

McNemar's test. 

  (c) Test for 'Goodness of Fit'. (Without rounding-off the expected frequencies). 

  (d) Test for H0 : σ2 = σ
2

0  against one-sided and two-sided alternatives when           

(i) mean is known, (ii) mean is unknown.  

 5.2 Tests based on t-distribution :  

  (a) t-tests for population means : (i) one sample and two sample tests for                  

one-sided and two-sided alternatives, (ii) 100 (1 − α) % two sided confidence 

interval for population mean (µ) and difference of means (µ1 − µ2) of two 

independent normal population. 

  (b) Paired t-test for one-sided and two-sided alternatives. 

 5.3 Tests based on F-distribution : 

  (a) Tests for H0 : σ
2

1 = σ
2

2 against one-sided and two-sided alternatives when           

(i) means are known, (ii) means are unknown.  

••• 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



LIST OF PRACTICE  
Sr. 

No. 

Title of the experiment No. of 

practicals 

1. Fitting of negative binomial distribution, testing goodness of fit. 1 

2. Fitting of normal distribution, testing goodness of fit (also using 

qq-plot) 

1 

3. Applications of normal, negative binomial and multinomial 

distribution 

2 

4. Model sampling from exponential, normal distribution using          

(i) distribution function, (ii) Box- Muller transformation. 

1 

5. Time series : Estimation and forecasting of trend by fitting of AR 

(1) model, exponential smoothing, moving averages. 

1 

6. Estimation of seasonal indices by ratio to trend. 1 

7. Test for means and construction of confidence interval. (Also 

using MS-EXCEL) 

(i) H0 : µ = µ0,   σ2 known and σ2 unknown 

(ii) H0 : µ1 = µ2, σ1, σ2 known 

(iii) H0 : µ1 = µ0, σ1 = σ2 = σ unknown 

(iv) H0 : µ1 = µ2, paired t test 

2 

8. Tests for proportions and construction of confidence interval for 

P = P1 – P2.  H0 : P = P0, H0 : P1 = P2 

1 

9. Tests based on χ2 distribution 

(i) Goodness of fit. 

(ii) Independence of attributes (2 × 2, m × n contingency 

table), 

(iii) Mc Nemar's test. 

(iv) H0 : σ
2 = σ

2

0,  µ unknown, confidence interval for σ
2 

2 

10. Tests based on F-distribution H0 : σ
2

1 = σ
2

2. (i) means known,               

(ii) means unknown. 

1 

11. Fitting of multiple regression plane using MS-EXCEL. 1 

12. Fitting of normal distribution using MS-EXCEL. 1 

13. Exponential smoothing using MS-EXCEL. 1 

14. Computations of probabilities of Normal, Exponential gamma 

χ2, t, F using R. 

1 

15. Use of basic R software commands, finding summary statistics 

using R software 

1 

16. Tests using R software 1 

17. Project : Project based on analysis of data collected by students 

in groups of maximum 6 students. (Project is equivalent to five 

practicals) 

5 

••• 
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(1.1) 

ChapterChapterChapterChapter    1… 
Chi-Square (χ2) Distribution  

 

 

 

 

Yates  

 

 

Born on May 12 1902 in Manchester England he was the eldest 

of five children. He began his mathematic education at a private 

school were he was encouraged and tought by an advanced 

mathematics teacher. Yates recieved a scholarship to Clifton 

College and was later awarded another scholarship at St. Johns 

College in Cambridge. He taught mathematics for a short period 

of time but wanted to use mathematics to help others instead of 

just teaching it. A few years later he went to Africa where he was 

part of the gold coast survey. A few years later he moved back 

and was appointed assistant statistician at Rothamsted 

Experimental Station. When a friend, R.A Fisher became chairman 

at the University College London in 1933, Yates was appointed 

the Head of Statistics at Rothamsted. He held that postition until 

1968 when he retired. During the time he was working, he 

worked often with Fisher on experimental design, block designs, 

theory of variance and operational research. 

 

Contents … 

1.0 Introduction 

1.1 Derivation of P.D.F. of χ2 with n Degrees of Freedom 

1.2 Moments of Chi-square Distribution 

1.3 Recurrence Relation among the Central Moments 

1.4 Additive Property 

1.5 Mode of the Chi-square Distribution 

1.6 Use of χ2 Tables for Calculation of Probabilities 

1.7 Limiting behaviour of χ2 as n → ∞. [Normal Approximation] 

1.8 Results Based on Bivariate Transformation  

Key Words : 

 Gamma distribution, chi-square distribution, degrees of freedom (d.f.), normal 

approximation.  
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) Distribution 
 

Objectives : 

 (1) To understand chi-square distribution as a particular case of gamma distribution. 

 (2) To study the relationship between chi-square distribution and other distributions. 

Also limiting behaviour of chi-square distribution as n → ∞ (normal approximation). 

 (3) Computation of probabilities using χ2 tables and also using MS-EXCEL, R-software. 

 (4) To study the properties of χ2 distribution.  
 

1.0 Introduction   

 The gamma distribution is related with the theory of independent normal variates in 

natural way. Because we have shown that if X1, X2, … Xi, …, Xn are n independent standard 

normal variates then the distribution of 

n

∑
i = 1

 X
2

i  has G 





1

2
 ‚ 
n

2
 distribution. This particular case 

of gamma distribution is called as chi-square distribution with n degrees of freedom (d.f.). 

The random variable involved in this distribution is denoted as  χ
2

n. The degrees of freedom 

(d.f.) represents the number of independent variables used in the construction of χ2. Thus 

χ
2

n variate can be looked-upon as the sum of squares of n independent standard normal 

variates.  

 Tests based on chi-square distribution like chi-square test of goodness of fit,                    

chi-square test of independence of attributes etc. are widely used. It also plays an important 

role in statistical inference.  

1.1 Derivation of P.D.F. of χχχχ2 with n Degrees of Freedom  

 (using M.G.F.) 

 Let X1, X2, … Xi, …, Xn be i.i.d. N (0, 1) variates. Then m.g.f. of X
2

i is given by,  

   MX2 (t) =⌡
⌠

– ∞

 ∞

  etx2 f(x) dx where,  f(x) is p.d.f. of standard normal distribution.  

 ∴  MX2 (t) = ⌡
⌠

– ∞

 ∞

  etx2 . 1

2π
  e

–1

2  x
2

 dx    

  = 
2

2π
 ⌡
⌠

0

 ∞

  e– ( )
1

2 – t  x2 
 dx  



.

.
. Integrand is even function of x‚ Also a = 

1

2
 – t‚ b = 1   

  = 
2

2 π
 . 
1

2
 

Γ 





1
2







1

2
 – t

1./2
             ;      

1

2
  – t > 0 



S. Y. B. Sc. Stat - II (Sem. – II) (S.T. 222) 1.3 Chi-square (χχχχ
2

) Distribution 
 

  = 
2

2 π
 . 
1

2
 

Γ 





1
2

(1 – 2t)
1/2  2

1/2
 = 






1

1 – 2t

1/2

   

  = (1 – 2t)
–1/2

 

     ∴                         MX2 (t) = 







1 – 
t

1/2

–1

2
   ;   t < 

1

2
  

 .
.
. If Xi is N (0, 1) variate M

2

i  (t) = 







1 – 
t

1/2

– 
1

2
   ;  t < 

1

2
  

 Suppose, Y = 

n

∑
i = 1

 X
2

i . Then Y has χ
2 distribution with n d.f. ( )χ

2

n . The m.g.f. of Y is as 

follows : 

 MY (t)  = M
 

n

Σ

i = 1
 X
2

i
 

(t)  

     =  MX
2

1
 (t) .MX

2

2
 (t) … MX

2

i
 (t) … MX

2

n
 (t)  

     = 








1 – 
t

1/2

– n
2
      [ ].

.
. Xi's are independent   

 It is m.g.f. of G 






1

2
 ‚ 
n

2
 . Thus 

n

∑
i = 1

 X
2

i  = Y has G 





1

2
 ‚ 
n

2
 . Hence p.d.f. Y is given as, 

      f (y) = 





1
2

n
2

Γ 





n

2

  e

–y
2
  y

n
2  – 1

   ;  y ≥ 0 

       = 0  ;  otherwise 

    OR f (y) = 
1

( )2 n Γ 





n

2

  e

–y
2
  y

n
2 – 1

  ;  y ≥ 0   … (1) 

 Thus a continuous variable Y is said to follow chi-square distribution with n d.f. if its 

p.d.f. is given by relation (1).  

Another method : 

 Let X1, X2, …, Xi … Xn be i.i.d. N(0, 1) variates. 

 Suppose Yi = X
2

i  we shall obtain distribution function of Y. It is given by  

      GY (y) = P [Y ≤ y] = P [X
2

i  ≤ y] 

       = P (– y ≤ Xi ≤ y)  

       = F ( y) – F(– y)  [F(⋅) is distribution function of Xi] 
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 In order to obtain p.d.f. of y, we take derivatives of both sides w.r.t. y, 

      g(y) = 
d G(y)

dy
 = 

d

dy
 [F( y) – f(– y)]  

       = 
f( y)

2 y
 – 
f (– y)

2 y
 (– 1) 

       = 
f ( y) + f (– y)

2 y
  [‡‡‡‡ X → N(0, 1), f(x) = 

1

2π
 e– x

2
/2] 

       = 

1

2π
 e–y/2 + 

1

2π
 e–y/2

2 y
  

 ∴    g(y) = 

1

2π
 e–y/2

y
    ;     y > 0 

       = 





1
2

1/2

 Γ  





1
2

   e–y/2  y

1

2 – 1  ;   y > 0   [‡‡‡‡ Γ 
1

2
 = π] 

which p.d.f. of gamma distribution with parameters 






1

2
  , 
1

2
. Thus X

2

i   follows G 





1

2
 , 
1

2
  

distribution i= 1, 2 … n. 

 ‡‡‡‡ Each X
2

i   follows G 





1

2
 , 
1

2
  distribution. Using additive property of gamma variates. 

 T = 

n

∑
i = 1

  X
2

i   follows  G 





1

2
 , 
n

2
  distribution. The p.d.f. of T which has χ

2

n probability 

distribution is given by  

      f(t) = 
1

( 2)n Γ 





n

2

  e–t/2  tn/2 – 1  ;   t ≥ 0 

Remarks :  

 1. The probability density curves for n = 1, 2, 3, 4, 5, and 6 are as shown in figure 1.1.  
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