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Preface 

This Book Engineering Mathematics-III is intended to be a textbook for 

students of Second Year Engineering In most sciences, one generation years 

down what another has built and what one has established another undoes. In 

Engineering Mathematics-III, each generation adds a new story to the old 

structure. Keeping this in mind, this book is written to have a better introduction 

of the Engineering Mathematics-III. This book is presented with simple but exact 

explanation of subject matter, application of each topic to real life, engineering 

problems, large number of illustrative examples followed by well graded exercise. 

We have tried to be rigorous and precise in presenting the concepts in very 

simple manner. We hope that the students will not only learn some powerful 

concepts, but also will develop their ability to understand the concept and apply 

it properly to solve engineering problems. We feel that faculty member will also 

enjoy reading this book which is enriched with application of each topic.  
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Syllabus : 

LDE of n
th
 order with constant coefficients, Method of variation of parameters, Cauchy’s & 

Legendre’s Differential Equations, Simultaneous & Symmetric simultaneous Differential 

Equations. Modeling of problems on bending of beams, whirling of shafts and mass spring 

systems. 

 

1.1 Introduction : 

 Linear differential equations of higher order arise in modelling physical and engineering 

problems such as in the theory of electrical circuits mechanical vibrations etc. Linear 

differential equations with constant coefficients can be solved by finding their complimentary 

solution and particular integrals where as some standard linear differential equations with 

variable coefficients can be reduced by suitable substitutions to linear differential equations 

with constant coefficients, then using methods of solutions of LDE with constant coefficients 

the general solution of such equations can be obtained. 

1.1.1 Definition : 

 A linear differential equation of n
th
 order is defined as, 

  
d

n
y

dx
n  + a1 (x) 

d
n1

y

dx
n1 + a2(x) 

d
n2

y

dx
n2 + ….. + an(x) y = F(x) …. (1) 

 where a1(x), a2(x) ….. an(x) and F(x) are functions of x only. 

 (a) If the coefficients a1(x), a2(x) …. an(x) are all constants, then equation (1) becomes  

  
d

n
y

dx
n  + a1 

d
n1

y

dx
n1 + ….. + an y = F(x) …. (2) 

  Which is Linear Differential equation of n
th
 order with constant coefficients. 

  (i.e. LDE of n
th
 order with constant coefficients) 

  

Unit  

1 

Linear Differential 

Equations (LDE) and 

Applications 
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 (b) If F(x) = 0, then 

  
d

n
y

dx
n  + a1

d
n1

y

dx
n1 + ….. + any = 0 …. (3) 

  is called the homogeneous equation of (2) or complimentary equation of (2)  C.E. 

= (3) 

 (c) The general solution of C.E. which contains n arbitrary constants equal to the order 

of D.E. is called C.F. Complimentary Function. 

 (d) The general solution of (2) contains one more part the particular integral part which 

has no arbitrary constant and it satisfies the given equation : 

  Hence general solution of (2) is 

 (e) y = C.F. + P.I = Yc + Yp 

1.2 To Find Complimentary Function, C.F. = YC : 

 Let D  
d

dx
  be the differential operator  

 so that D
2
 = 

d
2

dx
2 ,  D

3
 = 

d
3

dx
3  …… D

n
 = 

d
n

dx
n  

 then (2) can be written as, 

 (D
n
 + a1D

n1
 + a2D

n2
 + ….. + an)y = F(x) …. (4) 

 To find the complimentary function we solve the complimentary equation. 

 (D
n
 + a1D

n1
 + a2D

n2
 + ….. + an1D + an)y = 0 (C.E.) …. (5) 

 to solve C.E, equate coefficient of y to zero i.e. D
n
 + a1D

n1
 + ….. + an = 0. Auxiliary 

equation. 

 If m1, m2, ….., mn are  roots of A.E. then (D – m1) (D – m2) ….. (D – mn) = 0 

 Depending on the nature of roots m1, m2, ….., mn we have the following four cases 

of C.F. : 

a) Case I : If all the roots are real and different then, 

   C.F. = Yc = c1e
m1x

 + c2e
m2x

 + ….. + cne
mnx

 

 b) Case II : If r roots are real and repeated or equal say m1 = m2 = ….. = mr = m 

  r < n and other roots are different, then C.F. is  

   Yc = (c1 + c2x + c3x
2
 + …. + crx

r1
) e

mx
 + cr + 1e

mr+1x
 + …. + c4e

m4x
 

In particular if three roots are real and repeated say m1 = m2 = m3 = m, and all other 

are real and different then, 

  C.F. is  Yc = (c1 + c2x + c3x
2
) e

mx
 + cue

mux
 + …. + cne

mnx
 

 c) Case III :If a pair of roots are complex say m1 =  + i and m2 =  i and all 

others are real and different then 

  C.F. is  Yc = (c1cosx + c2sinx)e
x

 + c3e
m3x

 + ….. + cne
mnx
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 d) Case IV : If two pairs of roots are  

  Complex and all others are real and different, 

  Say  m1 = m3 =  + i,     m2 = m4 =  i 

  m5, m6 ….. are real and different then 

  C.F. is Yc = e
x

(c1 + c2x) cosx + (c3 + c4x) sinx + c5e
m5x

 + …. + cne
mnx 

1.3 Particular Integral (P.I. = YP) : 

 From equation (2) 

 (D
n
 + a1 D

n1
 + a2D

n2
 + ….. + an1D + an) y = F(x) which can be written as,  

 

   f (D) y = F(x), where 

   f(D) = D
n
 + a1D

n1
 + …. + an , particular integral is defined as 

 

   P.I. = Y = 
1

f(D)
 F(x) which is a function of x, free from arbitrary 

constant, and satisfies the given LDE with constant coefficients; i.e. f(D) 






1

f(D)
 F(x)  = 

F(x)  f(D)y = F(x). Depending upon the nature of F(x) there are different methods to 

find the particular integrals, which are short methods and general methods. 

 

 If  F(x) = e
ax

 then 

   P.I. = y = 
1

f(D)
 e

ax
 

Case I : If f(a)  0, i.e. replace D by a  

 then  P.I. =  y =  
1

f(a)
 e

ax   

 
   

1

f(D)
  e

ax   
= 

1

f(a)
  e

ax  

     
=  

1

t(a)
 e

ax
 

Case II : If f(a) = 0, the above case fails r times then f(D) = ( – a)
r
 f1(D) 

 where, f1(a)  0, so that  

   P.I. = y = 
1

(D  a)
r 

e
ax

f1(D)
  

    =  
1

f1(a)
 

1

(D  a)
r e

ax
 

    = 
1

f1(a)
 
x

r
e

ax

r!
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Illustrative Examples  

Example : 1 

Solve : (D
2
 + 4)y = e

x
 

Solution :Let  (D
2
 + 4)y = e

x
 …. (1) 

 For finding C.F. the complimentary function. 

 Consider it’s C.E. complimentary equation 

   (D
2
 + 4) y = 0 …. (2) 

 Equating to zero the coefficient of y 

 i.e.  D
2
 + 4 = 0 A.E. (Auxiliary Equation) 

   m
2
 + 4 = 0 

   m
2
 = 4        m =  4 = 0  2i Note 

           = i Note 

 It has a pair of complex roots with  = 0 and  = 2 

   C.F. is yc = e
x

(c1cosx + c2sinx) 

    = e
0x

(c1cos2x + c2sin2x) (
. .
.  e

0x
 = 1) 

   yc = c1 cos2x + c2 sin2x …. (3) 

 To find particular integral P.I. = yp : 

 By definition P.I. is  yp = 
1

f(D)
 F(x) = 

1

D
2
 + 4

 e
1x

 

 Here, F(x) = e
x
 = e

ax
 type 

 with a = 1 

   yp = 
1

D
2
 + 4

 e
1x

 = 
1

1
2
 + 4

 e
1x 

replace D by a = 1 

    = 
1

1 + 4
 e

x
 = 

1

5
 e

x
 

   yp = 
1

5
 e

x
 …. (4) 

 General solution of (1) is 

   G.S. = yc + yp = C.F. + P.I. = y 

                       y    =    c1cos2x + c2sin2x + 
1

5
 e

x
    

Example : 2 

 (D
3
 + 1)y = 3 + e

x
 + 5e

3x
 

Solution : Let (D
3
 + 1) y = 3 + e

x
 + 5e

3x
 …. (1) 

 For finding C.F. 
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 Consider C.E. 

   (D
3
 + 1) y = 0 

   D
3
 + 1 = 0 A.E. 

  OR 

   m
3
 + 1 = 0  




 
. .
.  D

3
 + a

3
 = (D + a) (D

2
 aD + a

2
)

 D
3
 + 1

3
 = (D + 1) (D

2
 D + 1)

   

  (m + 1) (m
2
 – m + 1) =  0  and 

        m + 1 = 0 

  or m
2
 – m + 1 = 0  




ax

2
 + bx + c = 0

x = 
b  b

2
 4ac

2a

   

   m = –1    or    m = 
1  1  4  1  1

2  1
   

    = 
1  3

2
  = 

1  3 i

2
 = 

1

2
 

3

2
 i  Complex roots 

    =   i  

  m1 = 1 is real root and m2 = 
1

2
 + 

3

2
 i 

     m3 = 
1

2
 

3

2
 i are complex roots. 

  C.F. is  yc =  c1e
1x 

+ e

1

2
 x









 c2cos 
3

2
 x + c3sin 

3

2
 x   …. (2) 

 For finding particular Integral : 

   P.I. = y = 
1

f(D)
 F(x) = 

1

(D
3
 + 1) 

 (3e
0x

 + e
x

 + 5e
3z

) 

    = 3 
1

D
3
 + 1 

e
0x

 + 
1

D
3
 + 1 

 e
x

 + 5 
1

D
3
 + 1 

 e
3x

 

    = 3 
1

0 + 1 
 e

0x
 + 

1

(D + 1)(D
2
 D +1) 

 e
x

 + 5 
1

3
3
 + 1 

 e
3x

 

    = 3 + 
1

(1)
2
 (1) + 1

1

(D + 1) 
e
x

 + 
5

28 
 e

3x 

    = 3 + 
1

3
 
x

1

11
 e

x
 + 

5

28 
 e

3x
 

   yp = 3 + 
x

3
 e

x
 + 

5

28 
 e

3x 
….. (3) 

   G.S. = y = yc + yp 

    =  c1e
x

 + e

x

2 








c2cos 
3

2
 x + c3sin 

3

2
 x  + 3 + 

x

3
 e

x
 + 

5

28 
 e

3x
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