


ENGINEERING 
MATHEMATICS – III 

(With Large Number of MCQ's & Solved Problems)  

FOR 

SEMESTER - I 

S.E. : SECOND YEAR  DEGREE COURSE IN ELECTRICAL, ELECTRICAL SANDWITCH & 

INSTRUMENTATION AND CONTROL ENGINEERING  

ACCORDING TO NEW REVISED CREDIT SYSTEM SYLLABUS  

OF SAVITRIBAI PHULE PUNE UNIVERSITY 

(EFFECTIVE FROM  ACADEMIC YEAR – JUNE 2016) 
 

 Dr. M. Y. GOKHALE Dr. N. S. MUJUMDAR 
 M. Sc. (Pure Maths.), M. Sc. (App. Maths.) M. Sc., M. Phil., Ph. D. (Maths.)  

    Ph. D. (I. I. T., Mumbai)  Professor, Mathematics Deptt, 

 Professor and Head, Deptt. of Mathematics, JSPM's Rajarshi Shahu  

 Maharashtra Institute of Technology, College of Engineering,  

 PUNE.  Tathawade,  PUNE.  

 

 S. S. KULKARNI A. N. SINGH 
 M. Sc. (Maths.) (I. I. T. Mumbai) M. A. (Mathematics Gold Medalist) 

 Eminent Professor of Mathematics, Formerly, D. Y. Patil College of Engineering,  

 PUNE.    Pimpri, PUNE  

. 

K. R. ATAL 
M. Sc.  (Mathematics) 

Lecturer (Selection Grade) Deptt. of Applied Sciences, 

Pune Institute of Computer Technology,  

Dhankawdi, PUNE 

 

Price ` ` ` ` 625.00 

 
   N3551   



ENGINEERING MATHEMATICSENGINEERING MATHEMATICSENGINEERING MATHEMATICSENGINEERING MATHEMATICS----III (Electrical Engg. Group)III (Electrical Engg. Group)III (Electrical Engg. Group)III (Electrical Engg. Group)  ISBN 978-93-86084-14-9 

Second Edition : July 2017 (C.T.P) 

© : Authors 
 The text of this publication, or any part thereof, should not be reproduced or transmitted in any form or stored in any computer 
storage system or device for distribution including photocopy, recording, taping or information retrieval system or reproduced on any 
disc, tape, perforated media or other information storage device etc., without the written permission of Authors with whom the rights 
are reserved. Breach of this condition is liable for legal action. 
 Every effort has been made to avoid errors or omissions in this publication. In spite of this, errors may have crept in. Any mistake, 
error or discrepancy so noted and shall be brought to our notice shall be taken care of in the next edition. It is notified that neither the 
publisher nor the authors or seller shall be responsible for any damage or loss of action to any one, of any kind, in any manner, 
therefrom. 
 

Published By  :           Printed By  : 

NIRALI PRAKASHAN SHREE OM PRINTERS PVT. LTD. 
Abhyudaya Pragati, 1312, Shivaji Nagar, Survey No. 28/25, Dhayri Near Pari Company 

Off J.M. Road, Pune – 411005 PUNE - 411 041 

Tel - (020) 25512336/37/39, Fax - (020) 25511379 Tel - (020) 24690371      

Email : niralipune@pragationline.com   
 

 

����    DISTRIBUTION CENTRES 
   PUNE 
 Nirali Prakashan : 119, Budhwar Peth, Jogeshwari Mandir Lane, Pune 411002, Maharashtra 

   Tel : (020) 2445 2044, 66022708, Fax : (020) 2445 1538 

   Email : bookorder@pragationline.com, niralilocal@pragationline.com 

 Nirali Prakashan : S. No. 28/27, Dhyari, Near Pari Company, Pune 411041  

   Tel : (020) 24690204 Fax : (020) 24690316 

   Email :  dhyari@pragationline.com, bookorder@pragationline.com 

   MUMBAI 
 Nirali Prakashan : 385, S.V.P. Road, Rasdhara Co-op. Hsg. Society Ltd., 
   Girgaum, Mumbai 400004, Maharashtra 

   Tel : (022) 2385 6339 / 2386 9976, Fax : (022) 2386 9976 

   Email : niralimumbai@pragationline.com 

����    DISTRIBUTION BRANCHES 
   JALGAON 
 Nirali Prakashan : 34, V. V. Golani Market, Navi Peth, Jalgaon 425001, 
   Maharashtra, Tel : (0257) 222 0395, Mob : 94234 91860 

   KOLHAPUR 
 Nirali Prakashan : New Mahadvar Road, Kedar Plaza, 1

st
 Floor Opp. IDBI Bank 

   Kolhapur 416 012, Maharashtra. Mob : 9850046155 

   NAGPUR 
 Pratibha Book Distributors : Above Maratha Mandir, Shop No. 3, First Floor, 
   Rani Jhanshi Square, Sitabuldi, Nagpur 440012, Maharashtra  

    Tel : (0712) 254 7129 

   DELHI 
 Nirali Prakashan : 4593/21, Basement, Aggarwal Lane 15, Ansari Road, Daryaganj 
   Near Times of India Building, New Delhi  110002 , Mob :  08505972553 

   BENGALURU 
 Pragati Book House : House No. 1, Sanjeevappa Lane, Avenue Road Cross,  
   Opp. Rice Church, Bengaluru – 560002.  

   Tel : (080) 64513344, 64513355,Mob : 9880582331, 9845021552 

   Email:bharatsavla@yahoo.com 

   CHENNAI 
 Pragati Books : 9/1, Montieth Road, Behind Taas Mahal, Egmore, 
   Chennai 600008 Tamil Nadu, Tel : (044) 6518 3535, 

   Mob : 94440 01782 / 98450 21552 / 98805 82331,  

   Email : bharatsavla@yahoo.com 
 

 

niralipune@pragationline.com    |   www.pragationline.com 

Also find us on      www.facebook.com/niralibooks 



PREFACE TO THE SECOND EDITION 

 We are glad and excited to announce that the First Edition of this book 

received an overwhelming response from the engineering student community, 

compelling us to release its Second Edition within a very short period of time. 

 This thoroughly revised Second Edition has been updated with additional 

matter, many solved problems, including solutions to all University Examination 

Problems and Numerous Exercises for practice. 

 Special care has been taken to maintain high degree of accuracy in the theory 

and numericals throughout the book. 

 We take this opportunity to express our sincere thanks to Dineshbhai Furia of 

Nirali Prakashan, pioneer in all fields of education. Our special thanks to Jignesh Furia 

for their effective cooperation and great care in bringing out this revised edition. We 

also appreciate the efforts of M. P. Munde and the entire staff of Engineering Books 

Deptt. of Nirali Prakashan namely Mrs. Deepali Lachake (Co-ordinator) for bringing 

this book to the students in a timely manner. 

 We sincerely hope that this "Second Edition" will also be warmly received by 

all concerned as in the past. 

 Valuable suggestions from our esteemed readers to improve the book are most 

welcome and highly appreciated. 
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PREFACE TO THE FIRST EDITION 

 Our text books on Engineering Mathematics-III have occupied place of pride 

among engineering student's community for more than twenty years now. All the 

teachers of this group of authors have been teaching mathematics in engineering 

colleges for the past several years. Difficulties of engineering students are well 

understood by the authors and that is reflected in the text material. 

 As per the policy of the University, Engineering Syllabi is revised every five years. 

Last revision was in the year 2012. New revision is coming little earlier, as university 

has introduced online system of examination from year 2012. 

 As per the new credit system, the Insem (Online) Examinations (Combined 

Phase-I and  Phase-II) will be conducted based on first, second, third and fourth 

units. The Online examinations will have objective types of questions with multiple 

choices. End semester examination will be based on all the six units and that will be 

conducted in traditional way. 

 New text book is written, taking in to account all the new features that have been 

introduced. All the entrants to the engineering field will definitely find this book, 

complete in all respect. Students will find the subject matter presentation quite lucid. 

There are large number of illustrative examples and well graded exercises. Addition 

of Multiple Choice Questions will be very useful to the students, especially for 

Online examinations. 

 We take this opportunity to express our sincere thanks to Shri. Dineshbhai Furia 

of Nirali Prakashan, pioneer in all fields of education. Thanks are also due to           

Shri. Jignesh Furia, whose dynamic leadership is helpful to all the authors of Nirali 

Prakashan. 

 We have no doubt that like our earlier texts, student's community will respond 

favourably to this new venture. 

 The advice and suggestions of our esteemed readers to improve the text are 

most welcomed, and will be highly appreciated. 

 

 

15
th
 June 2016 Authors 
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(1.1) 

UNIT - I : LINEAR DIFFERENTIAL EQUATIONS AND APPLICATIONS   

CHAPTER ONE 
    

    

LINEAR DIFFERENTIAL EQUATIONS WITH  
CONSTANT COEFFICIENTS  

    

 

1.1  INTRODUCTION  

    Differential equations are widely used in fields of Engineering and Applied Sciences. 

Mathematical formulations of most of the physical problems are in the forms of 

differential equations. Use of differential equations is most prominent in subjects like 

Circuit Analysis, Theory of Structures, Vibrations, Heat Transfer, Fluid Mechanics etc. 

Differential equations are of two types : Ordinary and Partial Differential Equations. In 

ordinary equations, there is one dependent variable depending for its value on one 

independent variable. Partial differential equations will have more than one independent 

variables. 

 In what follows, we shall discuss ordinary and partial differential equations, which are 

of common occurrence in engineering fields. Applications to some areas will also be 

dealt.   

1.2   PRELIMINARIES  

I. Second Degree Polynomials and Their Factorization :  

(a)  

 (i)  D2 – 2D – 3 = (D + 1)  (D – 3) (ii) D2 + 5D + 6 = (D + 2) (D + 3)  

 (iii) D2 + 2D + 1 = (D + 1)2 (iv) D2 – 5D + 6 =  (D – 2) (D – 3)   

 (v)  D2 + 3D + 2 = (D + 2) (D + 1)  (vi) D2 – D – 2 = (D – 2) (D + 1) 
 (vii) D2 – 4D + 4 = (D – 2)2 (viii) D2 – a2 = (D – a) (D +  a)   

 (ix)  D2 + a2 = (D + ia) (D – ia) 

(b) The roots of ax2 + bx + c  = 0  are x =  
– b ± b2 – 4ac

2a
  ,  these roots are imaginary if 

b
2
 – 4ac < 0. 

 (i) D2 + 2D + 2  =  0  ⇒ D = 
– 2 ± 4 – 8

2
   =  – 1 ± i 

 (ii) D2 + D + 1 = 0  ⇒ D = 
– 1 ± 1 – 4

2
  =  

– 1

2
   ±  

3

2
  i  

  If    D  =  
–1

2
   ±  i 

3

2
   =  α ± iβ then α = – 

1

2
 , β  =  

3

2
 ,  β is always positive;       

α may be positive, negative or zero. 

 (iii)  D2 + 1 = 0  ⇒ D2 = – 1       i.e.     D = ± i        ∴    α  = 0,  β  = 1. 

 (iv) D2 + 4  = 0  ⇒ D2  = – 4      i.e.     D = ± 2i       ∴    α = 0,   β  = 2. 
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II. Third Degree Polynomials and Their Factorization : 

(a) (i) D3 – a3 = (D – a) (D2 + aD + a2)  

 (ii) D3 + 3D2 + 3D + 1 = (D + 1)3 

(iii)  D3 + a3  = (D + a) (D2 – aD + a2) 

(iv)  D3 – 3D2 + 3D – 1 = (D – 1)3 

(b) Use of synthetic division : 

 (i) f(D) = D3 – 7D – 6 = 0;  for D = – 1,  f(–1) = 0   ∴  (D + 1) is one of the factors. 

– 1 1 0 – 7 – 6 

  – 1 1 6 

 1 – 1  – 6 0   

 ∴ D3 – 7D – 6 = 0  ⇒   (D + 1) (D2 – D – 6) = 0  

  (D + 1) (D – 3) (D + 2) = 0   ⇒  D  = – 1, – 2,  3. 

 (ii)  For D3 – 2D + 4 = 0;   D = – 2    ∴   f(–2) = 0      ∴  (D + 2) is one of the factors. 

– 2 1 0 – 2 4 

  – 2 4 – 4 

 1 – 2 2 0   

 ∴ D
3
 – 2D + 4  =  0 ⇒ (D + 2) (D2 – 2D + 2) = 0 

  D = – 2 and   D = 1 ± i,    α = 1,   β  = 1. 

III.  Fourth Degree Polynomials and Their Factorization : 

 (a)  D4 – a4  = (D2 – a2) (D2 + a2)  = (D – a) (D + a) (D + ia) (D – ia)  

 (b) Making a perfect square by introducing a middle term :  

 (i) For  D4 + a4 = 0 ;  consider (D2 + a2)2  = D4 + 2a2 D2 + a4 

   D4 + a4 = (D4 + 2a2 D2 + a4) – (2a2 D2)  = (D2 + a2)2 – ( )2 a D
2

   

   D4 + a4 = ( )D2 – 2 a D + a2   ( )D2 + 2 a D + a2   

 (ii) For  D4 + 1 = D4 + 2D2 + 1 – 2D2  = (D2 + 1)2  –  ( )2 D
2

   

   D4 + 1 = ( )D2 – 2 D + 1   ( )D2 + 2 D + 1    

 (c)   D4 + 8D2 + 16 = (D2 + 4)2,  D4 + 2D2 + 1 = (D2 + 1)2  = (D + i)2 (D – i)2 

   D4 + 10D2 + 9 = (D2 + 9) (D2 + 1) = (D + 3i) (D – 3i) (D + i) (D – i) 

 (d)   (i)   f(D) = D4 – 2D3 – 3D2  + 4D + 4  = 0,  for D = – 1, f (–1) = 0  

 – 1 1 – 2 – 3 4 4 

   – 1 3 0 – 4 

∴ Factors are  

(D + 1)2 (D – 2)2  = 0.  

– 1 1 – 3 

– 1 

0 

4 

4 

– 4 
0   

 2 1 – 4 

2 

4  

– 4 
0    

  1 – 2 0     
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 On a similar line, 

 (ii) D4  – D3 – 9D2 – 11 D – 4 = (D + 1)3 (D – 4) 

 (e) Perfect square of the type (a + b + c)2  

 (i)  D4 + 2D3 + 3D2 + 2D + 1 = (D2)2 + 2 · D2 ·  D + D2 + 2D2 + 2D + 1 

    = (D2 + D)2 + 2 (D2 + D) + 1 

    = [(D2 + D) + 1]2 = (D2 + D + 1)2 

 (ii)  D4 – 4D3 + 8D2 – 8D + 4 = (D2)2  – 2D2  ·  2D + (2D)2 + 4D2 – 8D + 4 

    = (D2 – 2D)2 + 4 (D2 – 2D) + 4 

    = [(D2 – 2D) + 2]2 = (D2 – 2D + 2)2  

 IV. Fifth Degree Polynomials and Their Factorization :  

(i)   D5  – D4 + 2D3  – 2D2 + D – 1 = D4 (D – 1) + 2D2 (D – 1) + 1 (D – 1)  

    = (D4 + 2D2 + 1) (D – 1) = (D – 1) (D2 + 1)2 

    = (D – 1) (D + i)2 (D – i)2 

1.3  THE n
th

 ORDER LINEAR DIFFERENTIAL EQUATION WITH CONSTANT  

  COEFFICIENTS 

    A differential equation which contains the differential coefficients and the dependent 

variable in the first degree, does not involve the product of a derivative with another 

derivative or with dependent variable, and in which the coefficients are constants is called 

a linear differential equation with constant coefficients. 

 The general  form of such a differential equation of order "n" is  

    a0 

dny

dxn   + a1   
dn–1 y

dxn–1   + a2  

dn–2 y

dxn–2   + … + an–1  
dy

dx
 + an y = f(x)    … (1) 

 Here a0, a1, a2 … are constants. Equation (1) is a nth order linear differential equation 

with constant coefficients.  

 e.g. Put  n = 3 in equation (1), we get  a0  

d3 y

dx3  + a1   

d2 y

dx2   + a2  

dy

dx
   + a3 y = f(x)  which is 

a 3rd order linear differential equation with constant coefficients. 

 Using the differential operator D to stand for 
d

dx
 i.e. Dy = 

dy

dx
 ; D

2
y = 

d
2
y

dx
2 , …           

D
n
y = 

d
n
y

dx
, the equation (1) will take the form 

   a0  Dn y + a1 Dn–1 y + a2 Dn–2 y + … + an–1 Dy + an y = f(x)  

 OR  (a0 D
n + a1 D

n–1 + a2 D
n–2 + … + an-1 D + an) y = f(x) … (2) 

 in which each term in the parenthesis is operating on y and the results are added. 



Engg. Maths  – III (Electrical Group S.E.) (S-I) 1.4 Linear Diff. Eqn  with Constant Coefficients 
 

 Let   φφφφ(D)  ≡≡≡≡ a0 D
n + a1 D

n–1 + a2 D
n–2 + … + an–1 D + an , φ(D) is called as nth order 

polynomial in D. 

 ∴ Equation (2) can be written as  φφφφ(D) y  = f(x)   … (3) 

 Note : In equation (1), if a0, a1, … an are functions of x then it is called nth order linear 

differential equation. 

1.4  THE NATURE OF DIFFERENTIAL OPERATOR "D" 

    It is convenient to introduce the symbol D to represent the operation of differentiation 

with respect to x.   i.e. D  ≡ 
d

dx
 ,  so that 

  
dy

dx
   =  Dy;   

d2 y

dx2  =  D2 y;  
d3 y 

dx3   = D3 y; ……; 
d

n
y

dx
n   =  D

n
y and 

dy

dx
 + ay = (D + a) y  

 The differential operator D or (D
n
) obeys the laws of Algebra. 

Properties of the operator D : 

 If y1 and y2 are differentiable functions of x and "a" is a constant and m, n are positive 

integer then  

 (i) D
m

 (D
n
) y  =  D

n
 (D

m
) y  =  D

m+n 
y 

 (ii) (D – m1) (D – m2) y  =  (D – m2) (D – m1) y 

 (iii) (D – m1) (D – m2) y  = [D
2
 – (m1 + m2) D + m1 m2] y 

 (iv) D (au)  =  a ·  D(u);  Dn  (au) = a ·  Dn (u) 

 (v) D (y1 + y2)  =  D (y1) + D(y2);  D
n
 (y1 + y2)  =  D

n
 (y1) + D

n
 (y2). 

1.5  LINEAR DIFFERENTIAL EQUATION φ φ φ φ (D) y = 0  

 Consider   φ(D) y = 0  … (4) 

 where,   φ(D)  =  a0 Dn  + a1 Dn–1 + a2 Dn–2 + a3 Dn–3  + … + an–1 D + an is nth order 

polynomial in D and D obeys the laws of algebra, we can in general factorise φ(D) in       

n linear factors as φ(D) = (D – m1) (D – m2) (D – m3) … (D – mn) where                        

m1, m2, m3, … mn are the roots of the algebraic equation φ(D) = 0  

 ∴ Equation (4) can be written as  

  φ(D) y  =  (D – m1) (D – m2) (D – m3) …  (D – mn) y = 0  … (5) 

 Note : These factors can be taken in any sequence. 

1.6  AUXILIARY EQUATION (A.E.)  

 The equation φ(D) = 0 is called as an auxiliary equation (A.E.) for equations (3), (4). 

 e.g.  
d2y

dx2   – 5 
dy

dx
   + 6y  = 0 

 By using operator D for 
d

dx
 , we have   (D2  – 5D + 6) y  =  0 

 ∴  φ(D) = D2 – 5D + 6 = 0  is the A.E. 

 ∴ (D2 – 5D + 6) y = (D – 3) (D – 2) y = (D – 2) (D – 3) y. 
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1.7  SOLUTION OF φφφφ(D) y = 0  

 Being nth order DE, equation (4) or (5) will have exactly n arbitrary constants in its 

general solution. 

 The equation (5) will be satisfied by the solution of the equation (D – mn) y = 0  

 i.e. 
dy

dx
  – mn y = 0 

 On solving this 1st order 1st degree DE by separting variables, we get y = cn emnx, 

where, cn is an arbitrary constant. 

 Similarly, since the factors in equation (5) can be taken in any order, the equation will 

be satisfied by the solution of each of the equations (D – m1) y = 0, (D – m2) y = 0 … etc., 

that is by y = c1 e
m1x, y = c2 e

m2x   ………… etc. 

 It can, therefore, easily be proved that the sum of these individual solutions, i.e.  

   y = c1 e
m1x   + c2 e

m2x  + … + cn e
mnx   … (6) 

also satisfies the equation (5) and as it contains n arbitrary constants, and the equation (4) 

is of the nth order, (6) constitutes the general solution of the equation (4). 

 ∴∴∴∴ The general solution of the equation φφφφ(D) y =  0  is 

        y = c1 e
m1x 

 + c2 e
m2x

   + … + cn e
mnx 

   

  where  m1, m2,  … mn are the roots of the auxiliary equation φφφφ(D) = 0. 

 Ex. 1 :  Solve  
d3 y

dx3 – 6 
d2 y

dx2  + 11 
dy

dx
  – 6y = 0. 

 Sol. : Let D stand for 
d

dx
   and the given equation can be written as  

  (D3 – 6D2 + 11D – 6) y  = 0. 

 Here auxiliary equation is  D3 – 6D2 + 11D – 6 = 0  

 i.e.   (D – 1) (D – 2) (D – 3) = 0 ⇒  m1  = 1, m2 = 2,  m3 = 3, are roots of AE. 

 ∴ The general solution is y = c1 ex + c2 e2x  + c3 e3x . 

 2. For (4D2 – 8D + 1) y = 0,  D = 1 ± 
3

2
    ⇒  y = c1 e



1 + 

3

2
 x

  + c2 e



1 – 

3

2
 x

  . 

1.8  DIFFERENT CASES DEPENDING UPON THE NATURE OF ROOTS OF  

  THE AUXILIARY EQUATION φφφφ(D)  =  0. 

A. The Case of Real and Different Roots : 

    If roots of φ (D) = 0 be m1, m2, m3 … mn, all are real and different, then the solution 

of φ (D) y = 0 will be 

y  =  c1 e
m1x

  + c2 e
m2x

  + c3 e
m3x

  + … + cn e
mnx
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B. The Case of Real and Repeated Roots (The Case of Multiple Roots) :  

    Let m1 = m2, m3, m4 … mn be the roots of φ(D) = 0, then the part of solution 

corresponding to m1 and m2 will look like     

    c1 e
m1x

  + c2 e
m1x

 (m1  = m2)   = (c1 + c2) e
m1x

   = c'e
m1x

  

 But this means that number of arbitrary constants now in the solution will be n – 1 

instead of n. Hence it is no longer the general solution. The anomaly can be rectified as 

under. 

 Pertaining to m1 = m2, the part of the equation will be  (D – m1) (D – m1) y  =  0   

 Put (D – m1) y  =  z,  temporarily, then  we have  (D – m1) z  =  0    ∴  z  = c1 em1x    

 Hence putting value of z in (D – m1) y  = z, we have  

   (D – m1) y = c1 e
m1x

    or      
dy

dx
  – m1 y  =  c1 e

m1x
    

which is a linear differential equation.  Its   I.F.  =  e
– ∫ m1dx

   = e
– m1x

 and hence solution is 

   y ( )e
– m1x

  = ⌡⌠ c1 e
m1x

 ·  e
–m1x

  dx + c2  =  c1 x + c2 

 ∴  y = (c1 x + c2) e
m1x

  

 If m1 = m2 are real, and the remaining roots m3, m4, m5, …, mn are real and different 

then solution of φ(D) y  = 0 is  

y  =  (c1 x + c2) e
m1x

  + c3 e
m3x

  + c4 e
m4x

  + … + cn e
mnx

   

 Similarly, when three roots are repeated. i.e. if m1 = m2 = m3 are real, and the 

remaining roots m4, m5, … mn are real and different then solution of φ(D) y = 0 is  

y  =  (c1 x
2 + c2 x + c3) e

m1x
  + c4 e

m4x
  + … + cn e

mnx
    

 If m1 = m2 = m3 = … = mn i.e. n roots are real and  equal then solution of φ(D) y = 0 is  

y  =  (c1 x
n–1 + c2 x

n–2 + … + cn–1 x + cn) e
m1x

    

 Ex.  1.  For (D2 – 6D + 9) y  = 0  A.E. = (D – 3)2 = 0  and solution is y = (c1 x + c2) e3x 

  2. For (D – 1)3 (D + 1) y = 0,  solution is y  =  (c1 x2 + c2 x + c3) ex + c4 e–x 

  3. For (D – 1)2 (D + 1)2  y  = 0, solution is y = (c1 x + c2) ex + (c3 x + c4) e–x. 

C. The Case of Imaginary (Complex) Roots 

    For practical problems in engineering, this case has special importance. Since the 

coefficients of the auxiliary equation are real, the imaginary roots (if exists) will occur in 

conjugate pairs. Let α ± iβ be one such pair. Therefore  m1 = α + iβ,  m2  = α – iβ  

 The corresponding part of the solution of the  equation φ(D) y = 0, then takes the form  

   y = A e
(α + iβ) x

 + B e
(α – iβ) x

  

    = eαx [ ]A eiβx + B e–iβx   
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    = eαx [A (cos βx + i sin βx) + B (cos βx – i sin βx)] 

    = eαx [(A + B) cos βx + i (A – B) sin βx] 

                                     y  =  eααααx [c1 cos ββββx + c2 sin ββββx]   

where, c1  = A + B   and  c2  = i (A – B) are arbitrary constants. 

 Using c1 = C cos θ, c2 = – sin θ, this can also be put sometimes into the form as given 

below (recall SHM). 

y   =   C eααααx cos (ββββx + θθθθ) where C,,,, θθθθ are arbitrary constants.   

ILLUSTRATIONS   

 Ex.  1 :    Solve (D2 + 2D + 5) y = 0. 

 Sol. : The auxiliary equation is D2 + 2D + 5 = 0 whose roots are D = – 1 ± 2i which 

are both imaginary. Here α = – 1, β = 2. Hence the solution is  

   y = e–x [A cos 2x + B sin 2x]  

 Ex. 2 : Solve  
d4y

dx4  –  5 
d2y

dx2  + 12 
dy

dx
  + 28y  = 0. 

 Sol. : The auxiliary equation is D4 – 5D2 + 12D + 28 = 0 having roots                         

D = – 2, –2,  2 ± 3 i. 

 (Here α = 2,  β  = 3). Hence the solution is  

   y = (c1 x + c2 ) e–2x + e2x [ ]A cos 3 x + B sin 3 x    

  Ex. 3 : For (D2 + 4)y = 0, D = 0 ± 2i (Here α = 0, β = 2) ⇒  y  = A cos 2x + B sin 2x.  

D. The Case of Repeated Imaginary Roots : 

    If the imaginary roots m1 = α + iβ and m2 = α – iβ occur twice, then the part of 

solution of φ (D) y = 0 will be  

   y = (A x + B) e
m1x

  + (C x + D ) e
m2x

   … (by using case B) 

    = (A x + B) e(α + iβ) x + (C x + D) e(α – iβ) x  

    = eαx [ ](A x + B) eiβx + (C x + D) e–iβx   

    = eαx [(A x + B) {cos βx + i sin βx} + (C x + D) {cos βx – i sin βx}] 

    = eαx [(A x + B + C x + D) cos βx + i (A x + B – C x – D) sin βx] 

               y  =   eααααx [(c1 x + c2) cos ββββx + (c3 x + c4) sin ββββx]   

with proper changes in the constants c1, c2, c3 and c4. 
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ILLUSTRATIONS   

 Ex. 1 :  Solve  
d6y

dx6   +  6 
d4y

dx4  + 9  
d2y

dx2   = 0. 

 Sol. : The auxiliary equation D6 + 6D4 + 9D2 = 0 has roots D = 0, 0, ± i 3 , ± i 3  

where the imaginary roots ± i 3  are repeated. Hence the solution is  

   y = c1 x + c2 + (c3 x + c4) cos 3 x + (c5 x + c6) sin  3  x   

 Ex. 2 : (D
4
 + 2D

2
 + 1) y  =  0.   

 Sol. : The auxiliary equation D
4
 + 2D

2
 + 1 =  0 has roots D = ± i, ± i, repeated 

imaginary roots. Hence the solution is  

   y = (c1x + c2) cos x + (c3x + c4) sin x 

 Now we will summarise the four cases for ready reference. 

 Case 1 : Real & Distinct Roots : A.E. ⇒ (D – m1) (D – m2) (D – m3) …(D – mn) = 0  

 ∴ Solution is y = c1 e
m1x

   + c2 e
m2x

   + c3 e
m3x

  + … + cn  e
mnx

  

 Case  2 : Repeated Real Roots :  

 For  m1 = m2  ⇒ A.E.  ⇒ (D – m1) (D – m1) (D – m3) …… (D – mn)  = 0  

 Solution  is y = (c1 x + c2) e
m1x

  + c3 e
m3x

  + … + cn  e
mnx

    

 For  m1 = m2 = m3   ⇒  A.E. ⇒ (D – m1) (D – m1) (D – m1) (D – m4) … (D – mn) = 0  

 Solution is y = (c1 x
2 + c2 x + c3) e

m1x
  + c4 e

m4x
   + …  + cn e

mnx
   

 Case 3  : Imaginary Roots : For D = α ± i β 

 Solution is y =  eααααx  [c1 cos ββββx + c2 sin ββββx] 

 Case 4 : Repeated Imaginary Roots : For D = α  ±  iβ be repeated twice  

 Solution is y = eααααx [(c1 x + c2) cos ββββx + (c3 x + c4) sin ββββx]  

ILLUSTRATIONS  

 1. Solve  
d2 x

dt2    + 4x = 0.  Let D stand for 
d

dt
  . 

 ∴  A.E. : D2 + 4 = 0  ⇒   D = 0 ± 2i 

 ∴ The solution is x  = c1 cos 2t + c2 sin 2t. 

 2. Solve  
d4 y

dz2    – 16y = 0. Let D stand for 
d

dz
  . 

 ∴  A.E. : D4 – 16 = 0,  (D – 2) (D + 2) (D2 + 4)  = 0. 

 ∴ The solution is y  = c1 e2z + c2 e–2z  + c3 cos 2z + c4  sin 2z. 

 Special Case : If the two real roots of φ(D) y = 0 be m and – m [e.g. D2 – m2 = 0],  

then the corresponding part of the solution is  
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