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been thoroughly reviewed in light of the latest syllabus.

A good number of worked examples have been added and questions from latest

university question papers have been included at appropriate places.

The authors are grateful to Sri B.V.S.S. Sarma, author of Intermediate and Degree

Textbooks on Mathematics for the help rendered by him at various stages of planning of

this book.
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us, to serve the cause of imparting good, correct and latest information to the students.
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1.1 INTRODUCTION
We have already studied how to find the solution of a differential equation with constant

coefficients.
Now we shall study linear differential equations with variable coefficients.
In this chapter we will discuss two forms of linear differential equations with variable coefficients

namely Cauchy’s and Lagrange’s  differential equations which can be reduced to linear differential
equations with constant coefficients by suitable substitutions.

1.2  CAUCHY’S HOMOGENEOUS LINEAR EQUATION

An equation of the form  
1

1
1 11 ..... ( )

n n
n n

n nn n
d y d y dyx P x P x P y x

dxdx dx





      ... (1)

where 1 2, ,....., nP P P  are real constants and  (x) is a function of x is called Cauchy’s Homogeneous

linear equation or Euler–Cauchy’s linear equation of order n.

The equation in the operator form is 1 1
1 1( .... ) ( )n n n n

n nx D P x D P xD P y x 
     

where d
D

dx
 . Cauchy’s linear differential equation can be transformed into a linear  equation with

constant coefficients by the change of independent variable with the substitution
x = ez (or) z = log x,  x > 0            


dz
dx x


1

.    Now   
dy
dx

dy
dz

dz
dx x

dy
dz

 . 1

or
dy dyx
dx dz
  ...(2)

Again 
d y
dx

d
dx x

dy
dz x

dy
dz x

d
dx

dy
dz

2

2 2
1 1 1

 F
HG

I
KJ    F

HG
I
KJ [using Product Rule]

d dy
dx dx
   
 




 F
HG

I
KJ
F
HG

I
KJ

1 1
2x

dy
dz x

d
dz

dy
dz

dz
dx [Multiply and divide by dz ]

Linear Ordinary Differential
Equations with Variable
Coefficients

1CHAPTER
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



1 1
2 2

2

2x
dy
dz x

d y
dz

1dz
dx x

   


i.e., x
d y

dx

d y

dz

dy
dz

2
2

2

2

2
  ...(3)

Similarly,  we can prove that

x d y
dx

d y
dz

d y
dz

dy
dz

3
3

3

3

3

2

23 2   ...(4)

Let us denote 
d
dx

D  and d
dz

 .  Then (2), (3), (4) can be written as

xD  ,   x D x D        , ( ), ( )( )2 2 3 31 1 2  etc.

Substituting (2), (3), (4) and so on in (1), the Euler–Cauchy equation reduces to a differential
equation with constant coefficients where y is dependent variable and z is independent variable. By
methods discussed earlier, the equation can be solved and we get the required solution by putting  z
= log x in the  obtained solution.

This will be illustrated through the following examples.

SOLVED EXAMPLES

Example 1 :  Solve ( )x D xD y x2 2 24 6  

Solution : Given equation is ( )x D xD y x2 2 24 6   ...(1)
This is a homogeneous differential equation.
Let   x ez . Then log x = z ...(2)

Let   d
dx

D  and d
dz

  . Then we have xD =  and  x2 D2 =(– 1)

Substituting in (1), we get
  ( )   1 4 6 2y e z  or 2 2( 5 6) zy e     ...(3)

This is a differential equation with constant coefficients.
A.E. is m m2 5 6 0   .  The roots are m = 3 and m = 2 which are real and different.
Hence  C.F. is y c e c ec

z z 1
3

2
2

Now  P.I. = y e e z
p

z z


 





2 2

3 2 2 3 1( )( ) ( ) ! 
2zze

 General solution is y y yc p     y c e c e zez z z
1

3
2

2 2

   y c x c x x x1
3

2
2 2(log )

Example 2 :   Solve x d y
dx

x dy
dx

y x2
2

2    log [JNTU 1995, 2006 (Set No.4)]

Solution : Given equation in the operator form is

( ) logx D xD y x2 2 1   , where D d
dx

 ... (1)

Let x ez  so that z x log ...(2)

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/



Linear Ordinary Differential Equations with Variable Coefficients 5

Denoting   d dz , xD x D    , ( )2 2 1 , so that (1) becomes

     ( )   1 1 y z

i.e. ( ) 2 2 1  y z ...(3)
This is a linear differential equation with constant coefficients.
A.E. is  m m2 2 1 0     ( ) .m 1 02

 m = 1, 1
 The roots are  real and equal.

 C.F. = y c c z ec
z ( )1 2

P.I. = y z z zp 


    


 

1
1 1 22

2

b g
( ) ( ) ( ....)  z + 2

  General solution of (1) is y y yc p 

i.e. y c c z e zz   ( ) ( )1 2 2    ( log ) logc c x x x1 2 2

Example 3 :   Solve x
d y

dx
x

d y

dx
y x

x
3

3

3
2

2

2
2 2 10 1   F

H
I
K .   [JNTU 2007S (Set No. 2)]

Solution : Given equation in the operator form is

( )x D x D y x
x

3 3 2 22 2 10 1
   F

HG
I
KJ where 

d
dx

D . ...(1)

Let x ez    or  log x z ...(2)

Denote d
dz

  . Then we have

     x D3 3 1 2    ( )( ) ...(3)

and   x D2 2 1  ( ) ...(4)
Substituting in (1), we get

    ( )( ) ( ) ( )       1 2 2 1 2 10y e ez z

i.e. ( ) ( ) 3 2 2 10    y e ez z ...(5)

This is a linear differential equation with constant coefficients.
Let f ( )    3 2 2 . Then A.E. is f m( )  0 i.e., m m3 2 2 0  

(m + 1) ( )m m2 2 2 0   . The roots are  m = – 1 , 1 + i , 1 – i.

One root is real and two roots are complex conjugate numbers.

           C.F.  y c e e c z c zc
z z  

1 2 3( cos sin )  and P.I.  1 23 2
10( )

2

z z

p p
e e y y


 

   

          Now  y e
p

z

1 1 3 210
2

 
 

F
HG

I
KJPI

 
 [Put  = 1]

    

F
HG

I
KJ 10

1 1 2
5e e

z
z
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6 Engineering Mathematics – III

          and  y e e
p

z z

2 2 3 2 210
2

10
1 2 2

 
 

F
HG

I
KJ    

 

PI ( )
( )( )    

 (case of failure)

 


10
5

2( )e z ze
z

z

The general solution is  y y y yc p p  1 2

i.e.   y c e e c z c z e zez z z z     
1 2 3 5 2( cos sin )

or      y c x x c x c x x x
x

     F
HG

I
KJ


1

1
1 2 5 2 1( coslog sin log ) log

Example 4 :  Solve x d y
dx

x dy
dx

y x2
2

2
23 4 1   ( ) [JNTU 2003S (Set No. 3)]

Solution :  Given equation can be written as ( ) ( )x D xD y x2 2 23 4 1    ...(1)

where d
dx

D .  This is a homogeneous linear differential equation.

Let  x = ez or  log x = z

If d
dz

   then we have xD   ; x D2 2 1  ( )

Substituting in (1), we get   ( ) ( )    1 3 4 1 2y e z .

i.e.,   ( ) 2 24 4 1 2    y e ez z ...(2)

This is a differential equation with constant coefficients.

AE is    m m2 4 4 0  

i.e.,  ( m – 2 ) 2 = 0    m = 2, 2
Roots are real and equal.
    C.F. is yc = ( )c c z e z

1 2
2

P.I. = 
2

2
1 2

4 4

z ze e 

  

2

2 2 2
1 2
4 4 4 4 4 4

z ze e
  
         

py
1
PI1 = 

1
4 42  

ze0.

2 4 4

  

 Put 0 

 1
1PI
4



py
2
 PI2  = 

1
4 4 22

2 2
2

  


F
HG

I
KJ( )e e zz z

    f a[ ( ) 0]

py
3
 PI3 = 2

4 4
2

1 4 1 4
2

2 2  


 
( )

( ) ( )
e e ez

z
z

     General solution is y y y y yc p p p   
1 2 3

i.e., y c c z e e z ez z z    ( )1 2
2 2

21
4 2

2

    ( log )
(log )

c c x x x
x

x1 2
2 2

21
4 2

2
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Example 5 :    Solve x d y
dx

x d y
dx

x dy
dx

y x3
3

3
2

2

23 8 65  
F
HG

I
KJ  cos(log )

Solution : Given equation in the operator form is
( ) cos(log )x D x D xD y x3 3 2 23 8 65    ...(1)

where d
dx

D .  Put x ez    or log x z ...(2)

Denote d
dz

  , then we have

x D3 3 1 2    ( )( ) ...(3)
x D2 2 1  ( ) ...(4)
xD   ...(5)

Substituting in (1), we get      ( )( ) ( ) cos      1 2 3 1 8 65y z

i.e.   ( ) cos3 8 65 y z ...(6)
This is a linear differential equation with constant coeffcients.

A.E. is m3 8 0   ( )( )m m m  2 2 42  = 0   3 3 2 2( )( )a b a b a ab b      

  m m i   2 1 3,  and m i 1 3
One root is real and other two roots are complex conjugate numbers.

C.F. = y c e e c z c zc
z z  

1
2

2 33 3( cos sin )

P.I.  = y z
p 


65

83
cos


 =

65
8

65 8
64 2

cos ( ) cosz z
 







  [Put 2 = – 1]

  



 
65 8

64 1
8

( ) cos
cos sin

 z z z

General solution is y y yc p 

i.e.  y c e e c zz z 
1

2
2 3( cos c z z z  3 3 8sin ) cos sin

or y c x x c x c x  
1

2
2 33 3cos( log ) sin( log ) + 8 cos (log x) – sin (log x).

Example 6 :    Solve x
d y
dx

x dy
dx

y x x2
2

2 2   log [JNTU 1993]

Solution : Given equation in the operator form is
( ) logx D xD y x x2 2 2   ...(1)

where 
d
dx

D .   Put x = ez so that  z = log x ...(2)

Denote d
dz

  . Then we have

x D2 2 1  ( ) ...(3)
     xD =  ...(4)

Substituting in (1), we get  ( 1) 2 zy z e     

i.e.  ( ) 2 2 2  y zez ...(5)
This is a linear differential equation with constant coeffcients.
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AE is m m2 2 2 0   . The roots are 1 i  which are complex conjugate numbers.
 C.F = yc = ez(c1cos z + c2 sin z)

 P.I. = y ze e z
p

z
z

 


      2 22 2 1 2 1 2( ) ( )




     e z e z e z zez z z z

( )
( ) ( ....)


 2

2 1 2

1
1 1b g

The general solution is y = yc + yp
i.e.     y = ez ( c1 cosz + c2 sin z ) + zez

or    y x c x c x x x  1 2cos(log ) sin(log ) log .

Example 7 :   Solve ( )
( )

x D xD y
x

2 2
23 1 1

1
  



Solution : Given equation is ( )
( )

x D xD y
x

2 2
23 1 1

1
  


...(1)

Let x ez  so that z x log ...(2)

Denote d
dz

  , then we have x2 D2 = ( – 1), xD =  ...(3)
Substituting in (1), we get ...(4)

    [ ( ) ]
( )

     


1 3 1 1
1 2y

ez

i.e.   ( )
( )

 2
22 1 1

1
  


y

ez
...(5)

This is a differential equation with constant coefficients.

AE. is m m m2 22 1 0 1 0     ( )  The roots are m   1 1,
The roots are real and equal .

 C.F. = y c c z ec
z  ( )1 2

P.I. 2 2 2
1 1 1 1.

1 1( 1) (1 ) (1 )z ze e

 
   

      

   
 

L
NM

O
QP


 
L
NM

O
QP

 z1
1

1
1

1
1

1
12 

e
e

e dz e
e

z
z

z z
z( )

   











 


z zze e
e

e dz e dz
e

e e
e

dzz
z

z
z z

z
z

z

z1 1 1
   e ez zlog( ).1

The general solution is given by y y yc p 

i.e. y c c z e e ez z z     ( ) log( )1 2 1

   F
HG

I
KJ( log ) logc c x

x x x1 2
1 1 1

1
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