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PREFACE

Since the publication of the first edition of this book, several professors and
students of Abstract Algebra across India have proactively reached out to me to
let me know how they have benefited from this book. As an author, | am realy
glad to know that the book has been so well received by the teachers and
undergraduate/postgraduate students of Abstract Algebra in particular, and the
broader math community in general. This gives an immense sense of
satisfaction to me, and naturally, 1 have incorporated in this second edition
many suggestions and comments that | received from teachers and students.

In order to make the second edition more beneficial to the readers, | also
discussed with several users of the book some of the areas where there was an
opportunity to revise the first edition. Based on these discussions as well, | have
made some important changes in the second edition:

1. Added a chapter that primarily focuses on matrices to enable the reader
to use the knowledge acquired from it to appreciate several concepts of Abstract
Algebra that are discussed throughout the book.

2. Provided proofs for a couple of theorems where such details were not
available earlier; provided more detailed explanations of some the solved
problems, and also moved some of the exercise problems into the category of
solved examples to make the book more comprehensive.

3. As an elementary application of the subject and in particular of the
permutation groups, relevant explanation of the determinant of areal matrix has
been added to Chapter 9.

| hope that the changes introduced in the second edition will make the book
more comprehensive and balanced for the teachers and students of Abstract
Algebra at the undergraduate/postgraduate level.

I would like to express my sincere thanks to Prof. N.N. Roghelia of M.G.
Science Institute, Ahmedabad for his valuable suggestions and in particular for
going through the new chapter on matrices in detail. | would also like to thank
and compliment PHI Learning for bringing out this second edition in such a
presentable form. People | worked with at PHI were very well organized and
highly skilled professionals, and it was a joy working with them, so my special
thanks to al of them.



X Preface

Last but not the least, as | mentioned earlier, as an author, | felt immensely
pleased to interact with the users of this book. These interactions over time have
influenced the revision of the book in a positive way. | sincerely thank all the
teachers and students for this wonderful cooperation, and look forward to
hearing more from them again.

I.H. SHETH



PREFACE TO
THE FIRST EDITION

My interest in abstract algebra began when | was assigned sessions of problem
solving in a refresher course for teachers organized by M.S. University of
Baroda in 1967. The refresher course was part of the programme to familiarize
teachers with modern mathematics. This opportunity gave me immense
confidence in the subject matter. | read a number of excellent books and found
that most of them pertained to the postgraduate level. There was hardly any
book suitable solely for the undergraduate students. This inspired me to write
a book on abstract algebra solely for the undergraduate students of Indian
universities. This book is thus an outcome of my notes prepared for orientation
courses for teachers as well as regular courses for undergraduate students.

The book is divided into three parts. In Part | (Chapters 1-5), the concepts
necessary for the subject are explained. In Chapter 1, union and intersection for
a family of sets are defined. Equivalence relation plays an important role in
modern mathematics. Chapter 2 is devoted to the study of relation, in general.
The motivational factors behind the algebraic structure—group—are the
properties of the set A(S) of one-one correspondences defined on a nonempty
set S and these ideas are studied in Chapter 3. Here, | took an opportunity to
define a mapping in terms of a relation satisfying additional properties. This
approach helps students understand the notion of inverse mapping of a given
mapping in a natural way. Binary operations and their properties are studied in
Chapter 4. Students also study here special elements with respect to a given
binary operation. This general approach helps students in understanding
algebraic structures, and other similar structures in linear algebra, in a better
way. Chapter 5 introduces some basic elementary concepts of the number
theory which are important in our study. The properties of set Z of integers
under operations of addition and multiplication lead to the notion of another
algebraic structure—ring—while the notion of prime integers leads to the
paralel notions of integral domain and unique factorization domain.

In Part 1l (Chapters 6—12), we study our first algebraic structure—group—
having only one binary operation. General properties of a group are given in
Chapter 6 while the famous Lagrange's theorem is proved in Chapter 7. The
permutation group S,, the concepts of transposition and cycle and their

Xl



xii  Preface to the First Edition

properties are studied in detail in Chapter 8. It becomes essential to recognize
when two algebraic structures are identical (isomorphic in mathematical
language). Because of this, the notion of isomorphism between two agebraic
structures becomes fundamental. Chapters 10 and 12 are devoted to the study
of isomorphic groups. The study of cyclic groups is very interesting. They are
considered the building blocks for finite abelian groups. Chapter 11 is devoted
to the study of cyclic groups.

Part 111 (Chapters 13-21) deals with the study of algebraic structure—
ring—having two binary operations. Here we study integral domains, fields,
and polynomia rings in detail. Also, the notions of an ideal, homomorphism,
paralel to similar concepts in group theory, are studied. These similarities
between parallel concepts will help students in the comparative study of these
two algebraic structures. Some elementary properties of a Euclidean ring as
well as those of a unique factorization domain are also given.

The hallmark of the book is that each important topic is discussed in a
separate chapter according to its requirement. Also an important definition or
notion is preceded as well as followed by a number of examples. This approach
helps students to grasp abstract notions in familiar concrete forms. In addition,
each chapter contains a specia section—solved examples. In
this section, some important properties as well as notions related with
the chapter matter are also considered. The drill of solving problems reinforces
the student’s understanding of a concept. End-of-chapter exercises and
supplementary problems are designed to achieve this objective. At the end of
the book, a small list of referencesis provided. As mentioned in the beginning,
this book is written only for undergraduate students and hence some interesting
results which are beyond the scope of this book are just mentioned with proper
references. | hope an enthusiastic reader will definitely read beyond the subject
matter given in this book using this list.

| am extremely thankful to my colleague Dr. (Miss) Nita Shah who helped
me in preparing the soft copy of the manuscript. It is a matter of pleasure to
thank my wife, Yashodhara, for encouraging me throughout the preparation of
the manuscript. | also thank Prentice-Hall of India Private Limited for their
enthusiastic efforts in bringing out this book in an extremely presentable form.

I would welcome critical comments and suggestions from teachers and
students alike for improvement of this book.

Though | started teaching abstract algebra in the very first year of my
academic life, | still very much enjoy teaching this subject. | enjoyed writing
this book as well. | will consider my efforts amply rewarded if my enthusiasm
for abstract algebra is also transmitted to readers through this work.

I.H. SHETH



 NOTE TO THE STUDENT

The last two centuries have seen many new branches of mathematics. Abstract
algebra is one such branch. Because of its vast applications in various
disciplines of mathematics and also in different subjects like physics, chemistry,
statistics, and computer science, it becomes necessary to introduce this topic at
the undergraduate-level curriculum.

The aim of this book is to familiarize students with the basic concepts of
abstract algebra and | have taken complete care to introduce each notion with
sufficient number of examples. Students are advised to go through these
examples in detail and to construct new examples. Each important topic is
treated in a separate chapter, taking care of the continuity of the subject matter
which is very essentia in a basic course.

According to me, the analysis of a proof of a theorem is more important
rather than going through the entire proof in a routine way. What are the
assumptions in the statement of a theorem? Where are these assumptions used
in the course of a proof ? In short, a proper justification for each subsequent step
in a proof should be given. This helps students to learn mathematics in a true
sense. | have followed this approach throughout the text. My long teaching
experience has shown that students tend to prove results mechanically without
going into the validity of steps. Thisis not the correct way to learn mathematics.
| have therefore tried to reason out each step in each proof and asked the
students to give their reasoning whenever required. | always encourage students
to form this habit of reasoning. An enthusiastic student can go one step further
and think about—what will be the conclusion under change of assumption(s) in
the statement of a theorem? Will the theorem remain true under a weaker
condition? Or can some more additional properties be achieved under a stronger
condition? For example, if D is an integral domain then the polynomial ring
D[x] is adso an integral domain as proved in Theorem 19.2.2. Will it remain an
integral domain under the weak condition, namely if D were simply a ring?
Similarly, the integral domain D[X] is not a field. Will it become a field under
the stronger condition, namely if D were a field? Ultimately, this habit of
thinking will lead students either to search for a proof or to construct a counter
example for the expected result.

The author always enjoys receiving comments from the reader. Do not
hesitate to send me your comments on the treatment of atopic or the errors that
may have inadvertently crept into this work.
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