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PREFACE AND ANOTE FOR THE STUDENT'S

ARE YOU ASPIRING TO BECOME
AN ENGINEER AND AN IIT SCHOLAR ?

Here is the book especially designed to motivate you, to sharpen your intellect, to develop the right
attitude and aptitude, and to lay a solid foundation for your success in various entrance examinations like IIT,
EAMCET, WBJEE, MPPET, SCRA, J&K CET, Kerala PET, OJEE, Rajasthan PET, AMU, BITSAT, etc.

SALIENT FEATURES

1.

Content based on the curriculum of the classes for CBSE, ICSE, Andhra Pradesh and Boards of School
Education of Other States.

2. Full and comprehensive coverage of all the topics.

3. Detailed synopsis of each chapter at the beginning in the form of ‘Key Facts’. This will not only facilitate

thorough ‘Revision’ and ‘Recall’ of every topic but also greatly help the students in understanding and
mastering the concepts besides providing a back-up to classroom teaching.

The books are enriched with an exhaustive range of hundreds of thought provoking objective questions
in the form of solved examples and practice questions in practice sheets which not only offer a great
variety and reflect the modern trends but also invite, explore, develop and put to test the thinking,
analysing and problem-solving skills of the students.

Answers, Hints and Solutions have been provided to boost up the morale and increase the confidence
level.

Self-Assessment Sheets have been given at the end of each chapter to help the students to assess and
evaluate their understanding of the concepts and learn to attack the problems independently.

We hope this book will be able to fulfil its aims and objectives and will be found immensely useful by
the students aspiring to become top class engineers.

Suggestions for improvement and also the feedback received from various sources would be most
welcome and gratefully acknowledged.

AUTHORS

Disclaimer : While the authors of this book have made every effort to avoid any mistakes or omissions and have used their
skill, expertise and knowledge to the best of their capacity to provide accurate and updated information, the authors and
S. Chand do not give any representation or warranty with respect to the accuracy or completeness of the contents of this
publication and are selling this publication on the condition and understanding that they shall not be made liable in any
manner whatsoever. S. Chand and the authors expressly disclaim all and any liability/responsibility to any person, whether
a purchaser or reader of this publication or not, in respect of anything and everything forming part of the contents of this
publication. S. Chand shall not be responsible for any errors, omissions or damages arising out of the use of the information
contained in this publication.

Further, the appearance of the personal name, location, place and incidence, if any; in the illustrations used herein is purely
coincidental and work of imagination. Thus the same should in no manner be termed as defamatory to any individual.
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Sequence and
Series

ARITHMATIC PROGRESSION (A.P.)

(KEY FACTS)

1. A sequence is a set of numbers specified in a definite order by some assigned rule or law.

Ex. 2,7,12,17.... (Each succeeding term is obtained by adding 5 to the preceding term)
1,2,4,8, 16.... (Each succeeding term is obtained by multiplying the preceding term by 2)

A finite sequence is that which ends or has a last term.

Ex. 5,9, 13,17, 21.

An infinite sequence is one which has no last term.

Ex. 3,6, 12,24,48....

In general, a, or T, denotes the nth term of a sequence.

2. An expression consisting of the term of a sequence, alternating with the symbol ‘+ is called a series.
2 46 2 4 6

Ex. The sequence —,—,—, .... expressed as a series is —+—+—+....
357 3 5 7

3. Arithmetic Progression (A.P.): A sequence is called an arithmetic progression if its terms continually increase
or decrease by the same number. The fixed number by which they increase or decrease is called the common
difference. Three quantities @, b, c willbe in A.P.ifb—a=c—b,ie,2b=a+c.

(a) nth term of an A.P.: The nth term of an A.P. a,a+d,a+2d,a + 3d, ... is
T =a+n-1)d

where T, denotes nth term, a the first term, 7 the number of terms and d the common difference.

Also, common difference d=T, - T, ,.
Ex. The 9th term of the A.P.: 2,5, 8.... is
Ty=2+(09—-1)x3=2+24=26.
Note: Herea=2,d=3.
(b) Sum of n terms of an A.P.
Letthe A.P.be a,a+d, a+2d, .. Let!be the last term and S the required sum. Then,

S = % (a+l)= Numberzof terms (First term + Last term)

- g @+a+@m—1)d)= §(2a+(n—1)d),
where 7 is the number of terms, « is first term and d is common difference.
Also, nth term = Sum of n terms — Sum of (n — 1) terms
ie., r,=§,-S,
Ch 1-1




Ch1-2 IIT FOUNDATION MATHEMATICS CLASS — X
Ex. The sum of 20 terms of the the A.P. 1, 3,5, 7,9.... is

20
Sy = 5 (@X1+(20-1)x2) (a=1,d=2,n=20)

=10 x 40 = 400.
(¢) Arithmetic Mean: The Arithmetic Mean between two numbers is the number which when placed between
them forms an arithmetic progression with them. Thus if x is the arithmetic mean of two given numbers a and
b, then a, x, b form an A.P.

a+b
2

Ex. (a) The arithmetic mean between — 4 and 6 is

x—a=b-x = x=
6+ (-4
(=4) =1.

(b) Find 4 arithmetic means between 3 and 23.
LetA4,, 4,, 4;, A,, be the four arithmetic means between 3 and 23.
Then, 3,4, 4,, 45, 4,, 23 form an A.P.
Here, Firstterm =a =3
Sixth term = 7, = 23
Number of terms =n =16
Common difference=d = ?
Tg=a+(n-1)xd
= 23=3+(6-1)xd
= 23=3+5d =5d=20 =>d=4.
A, =3+4=7,4,=T7+4=11,4,=11+4=15,4,=15+4=19.
(d) Some useful facts about an A.P.

I. If each term of a given A.P. is increased or decreased or multiplied or divided by the same number, the
resulting progression is also an A.P.

a->b . First term — Second term
=1,ie =1.

II. Ifa, b, c arein A.P, then y -
b—c Second term — Third term

(e) If we have to find an odd number of terms in A.P. whose sum is given, it is convenient to take a as the middle
term and d as the common difference. Thus, three terms may by taken as a — d, a, a + d and five terms as
a-2d,a—d, a,a+d,a+2d. [Solved Ex. 13, 14]. If we have to find even number of terms, we takea—d, a +d
as the middle terms and 2d as the common difference. Then, four terms are taken as a -3d, a—d, a +d, a + 3d.

SOLVED EXAMPLES

Ex. 1. The 8th term of a series in A.P. is 23 and the 102th term is 305. Find the series.
Sol. Let a be the first term and d be the common difference.

then Ty=ax@®-hd = 25=a+7d (D)
T, =a+(102-1)d = 305=a+101d -.(if)
Eqn (i7) — Eqn (i)
= 94d = 282 = d=3

Now substituting d =3 in (i), we get 23 =a + 21 = a =2.
a=2,d=3 = Seriesis2+5+8+11+.....
Ex. 2. If a, b and c be respectively the pth, gth and rth terms of an A.P., prove thata (g—r)+b (r—p)+c(p—q) =0.

Sol. Let A be the first term and D the common difference of the given A.P.
Then, Tp =A+@E-1)D=a ..(D)
Tq=A+(q—1)D=b (7))
I =A+(r-1)D=c ...(7iQ)



SEQUENCE AND SERIES Ch1-3
S (@) x (g —r)+ @) x (r—p)+ @) < (p - q)
= Al(g-nN+0-p+@-9l+D[p-D)(@G-nN+g-1)F-p)+(r-1)(@-9)]
=a(@-ntb@r-ptclp-9
= A[0]+D[pg—q—pr+tr+qr—r—-pg+p+tpr—p—qrtql=a(g-—r)tb(r-p)+tcp-q)
= alg-r)+tb(r-p)+tcp—-q)=4x0+D x0=0.

1 4
Sol. Herea=19,d = 18§—19:—g

Let the nth term be the first negative term. Then,
T, <0 = at(n-1)d<0
=19+ mn—-1) (-4/5) <0

4 4
=19—-—n+—<0
5 5

99 4 99 5 99 3
= ———n<0) =D pn>-—X—"=n>—=24=

5 5 5 4 4 4
= n=25.

Ex. 4. Find the sum of the series 101 +99 + 97 + .... +47.

Sol. In this case, we have to first find the number of terms.
Here a=101,/=T,=47,d=99 - 101 =2
47 =101 + (n—1) x (-2), where n = number of terms
= 47=101-2n+2
= 2n=103-47=56 =>n =28

n
S =—(a+!
L= 5@+

28
= S,g= 7(101+47) =14 x 148 = 2072.

Ex. 5. The sums of n terms of two arithmetic series are in the ratio 2n + 1 : 2n — 1. Find the ratio of their 10th
terms.
Sol. Let the two arithmetic seriesbea, a +d, a + 2d ..... and A4, A +D,A+2D, ...
n/2[2a+(n-1)d] _2n+1
n/2[24+(n—-1)D] 2n-1
2a+(n-1)d 2n+1
24+(n-1)D 2n-1

Given that,

t +9d 2a+18d
Ratio of the 10th terms of these series = > = a ==
T,y A+9D 24+18D

. . ho 2a+18d 2x19+1 39
Putting n =19 in (i), we have —= = = —.
T,y 24+18D 2x19-1 37

1
Ex. 6. The sum of the first n terms of the arithmetical progression 3, 55 , 8, ... is equal to the 2nth term of the

1 1 1
A.P. 165, 285, 405, .... Calculate the value of n.
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1 1
Sol. For the A.P.: 3, 55, 8, ... a=3,d= 25,number of terms =n
n n 5
S == [a+@m-1)d=—|6+(n-1)x=
= n =5 [2at(n-1)d] 2[ (n=1) 2) 0)
1 1 1 1
FOI‘thCA.P.: 16_528_740_. a = 16_,d:12
2 2 2 2
1
Ty=a+@n—1)d= 16_+Q2n-1)xI12 ...(ii)
. n 5 33 . ..
Given, S, =T,, = 5(6 +(n— 1)5]=7+ 2n-1)x12 (From (7) and (if))
2 2
On  5m7 5 33 oan—12 o I 0 o
2 4 4 2 4 4 2
5 89n 9
- 22 2o = 5n>-89n—18=0
4 4 2
= 5n*-90n+n-18=0 = Sn(n—-18)+1(n-18)=0
1
=> m-18)(5n+1)=0 = n:180r—§

Ex. 7.

Sol.

Ex. 8.

Sol.

= Neglecting — ve value, we have n = 18.

a,ta,+az+..+a, p? a,
Leta,, ay, a,, ...... be the terms of an A.P. If =— (p #¢q), then find —.
ata,+a;+..+a, ¢ a,,
(AIEEE 2006)
Let d be the common difference for the A.P.; a,, a,, as, ...

S, _p/2[2a,+(p-Dd]_p*

S, q/2[2a,+(g-Dd] ¢’

q
2a1+(p—1)d_£
2a,+(q-1)d 4

= 2a,q+ pqd —qd =2a,p+ pqd — pd = pd-qd=2ap-2ayq
= dp-q9)=2a,(p—q) = d=2aq,
Term6 a; _ a+(6-1)d _ a +5x2a _1la 11

Then,

= q[2a;+(p-1)dl=p[2a,+(¢g-1)d]

Now

Term2l a,, a+Q2l1-1)d a +20x2a, 4la, 41’

If the number of terms of an A.P. is (2n + 1), then what is the ratio of the sum of the odd terms to the
sum of even terms? (NDA/NA 2008)

Letthe AP.bea, atd a+2d,..,a+2n—1)d, a+2nd
Then, the progression of odd terms is a, a + 2d, a + 4d, ...., a + 2nd.
This progression has (n + 1) terms.

Tts sum = "= [a + a + 2nd] :”T”[za +2nd]=(n+1)(a+nd) ()

The progression of even terms is a + d, a + 3d, ...... at(2n-1)d.
This progression has » terms.
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Ex. 9.

Sol.

Ex. 10.

Sol.

Ex. 11.

Sol.

Its sum = %[(a +d)+(a+@2n-1)d] = §[2a +2nd]=n(a +nd) ..(ii)

Sumof odd terms  (n+1)(a+nd) n+1
Sum of even terms n(a+nd) n

If the sum of the roots of the quadratic equation ax? + bx + ¢ = 0 is equal to the sum of the squares of
their reciprocals, then show that ab?, ca?, bc? are in A.P. (DCE)
Let a, B be the roots of the equation ax> + bx + ¢ = 0.

Then a + B =—-b/a, oy = c/a

Given, Sum of roots = Sum of squares of reciprocals of roots

11 o’ + B’ (0.+B)* — 20
= a+B=—F+— = atp= = otf=———
ety s T oy
2c
(_b/a)2 - b b2 _ 2
= fb/a=—2a = __:—zca = - bc?=ab* - 2ca?
(c/a) a c
= 2ca?=ab?®+ bc? = ab?, ca?, bc? are in A.P. (" abcinAP.=2b=a+c)
an+1 n+1
Find the value of n, if "—b” is the arithmetic mean between a and b. (WBJEE 2009)
. . . a+b
The arithmetic mean between a and b is >
+ n+l + n+l
Given, ath =2 b
2 a" +b"
= (a" + bn) (a + b) — Z(anﬂ + bn+1) = an+1 +a'h + b'a + bn+1 — 2an+1 + 2bn+1
= an+1 + bn+1 =a"h + b'a = (an+1 —ba") _ (b"a _bn+1) =0
= d"(a—b)-b"(a—b)=0 = (@-b")(a-b)=0

= (@ -b)=0o0r(a—b)=0
Butazb=a-b#0

7 n 0
a a a
Ld-b=0=a=b=|—|=1 = |Z|=Z]| = n=0.

If log, 2, log,, (2* — 1) and log,, (2* + 3) be three consecutive terms of an A.P., then find the value
of x. (AMU 2012)

Given, log, 2, log,, (2* - 1), log,, (2* + 3) are in A.P. Then,
log,, (2* = 1) —log,,2 = log,, (2 + 3) —log,, (2* - 1)

S o 2% —1 o 2°+3
g0 > gio 1

27-1 2743
ST = (2"-12=2(2+3)
— 22 _22% 41 =22+6 = 22X _42_5=0
= 22505425 _5= = 2V (2X—5)+1(2X-5)=0
= (2-5) 2+ 1)=0 = 2%=5 (- 2% 1)

= x =log,5.
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1
Ex. 12. If a,, a,, a;, ... a, be an A.P. of non-zero terms, then find the sum: + P oo 3 . (AMU 2009)
aGma, aa, a,,4a,
Sol. Leta,—a,=a;—a,=........ =a,—a, |=d(common difference)
1 1 1 1| d d d
Then, + F o, + =— + F o, -
aa, a,a, a,,a, d|aa, aa, a,4a,
L L Tk S P U L
d| aa a,d; ay 4, dla, a, a, a ay 4y

_ L1t _1jg-a|_l|@+@-Dd)-a | _n-1
d a; a d a,a d a,a, a,a :

n n

Ex. 13. If the sides of a right angled triangle form an A.P., then find the sines of the acute angles. (VITEE 2008)

Sol. Let the AABC be right angled at C.
Then, AB=c,BC=a, AC=b A
Given, the sides of the right angled A are in A.P. = q, b, c are in A.P.
Now, leta=x-d, b=x,c=x+d
(d being a +ve quantity as ¢ being the hypotenuse is the greatest side)
c?=a*>+b*> (Pythagoras’ Theorem)
= (x +d)?=(x—d)*+x? B a C
= x>+ 2xd + d? = x* - 2xd + d* + x*

X

2 = d==.
4

= 4dxd =x

3 5
a=x—d=X—£=—x,b=x,c=x+d=x+x/4=—x
4 4 4
C being the right angle, A and B are the acute angles.
4 b /5 4
sinA=£=&=E andsinB= —="——-=— =2
c 5x/4 5 c x/4 5x 5
4

9

[, M
| A

The sines of the acute angles are

Ex. 14. a,, a,, a,, a,, a, are the first five terms of an A.P. such that ¢, + a; + a, =-12 and a,.a,.a, = 8. Find the

first term and common difference.
Sol. Leta, =a3—2d, a, =a3—d, a, =a, a, = a, +d as = a, +2d

Thena, +a, +a;=-12,(given) > a; - 2d +ay +a; +2d = -12 = 3a,=-12 > a; = -4
Also, a, . a, . a; = 8 (given)
=>a.a,=2 (vay;=-4) = (a;-2d)(a;—-d)=-2
= (-4-2d)(-4-d=-2 = QR+d(@d+d=1
= d?>+6d+9=0 = (d+3)P?=0=>d=-3

a,=a,—2d=-4 -2(-3)=2.
a(b+c) b(c+a) c(a+b)
Ex. 15. If a, b, ¢ are in A.P. show that ’ ’ are in A.P.
bc ca ab
Sol. a, b, c are in A.P.
a b ¢ . L
= —,—,—— areinA.P. (Dividing each term by abc)

abe’ abe’ abe
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