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1.1 INTRODUCTION

In Civil Engineering structures, loads can change their positions. In such a case, certain
load positions can be critical to certain parts or components of the structure. Shifting of load
positions is common enough in buildings. But they are more pronounced in bridges, over which
vehicles keep rolling. Certain wheel positions can be again crucial. We should be able to identify
such positions and their influence on structural members. In this chapter we will consider
beams and try to evolve criteria for load positions causing maximum bending moments or
maximum shears.

1.2 SIMPLY SUPPORTED BEAMS

1.2.1 Load Categories

We can consider 5 categories of loads on beams :
1. Single concentrated loads.
2. udl longer than the beam span
3. udl shorter than the beam span
4. Two wheel axles separated by a fixed distance
5. Multiple wheel axles (train of loads).
The objectives of this study on rolling loads are:
1. To find the load position and values of maximum shear force and bending moment at

a given section due to a given system of rolling loads.
2. To find the location and values of the absolute maximum shear force and bending

moment that may occur on the span due to the given system of rolling loads and
3. To find the equivalent udl due to a given system of rolling loads to make the designer’s

work simple.

1.2.2 Simply Supported Beam with a Single Concentrated Load W Moving from
the Left End to the Right

As a load W moves from the left support A to the right we will try to get the maximum
positive shear force, maximum negative shear force and the maximum bending moment at
any typical section X, at a distance x from A. We will call the distance of the load from A as a.
(see Fig. 1.1).

(a) Maximum positive shear at X (Load in XB)
For any load position (for any a),

     RA = 
W . (l a

l
− )

RB = 
Wa

l
[when a < x, (when W is on AX), SF at X is equal to RB and is negative ;

when a > x (when W is on XB), SF at X is equal to RA and is positive.]

CHAPTER 1
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2 STRUCTURAL ANALYSIS-II

SF at X,     FX = RA = 
W (l a

l
− )

, when a ≥ x. …(1.1)

The maximum value of positive Fx occurs when a is least, i.e.,  a = x

and Fx max = 
W (l x

l
− )

…(1.2)

This is plotted in Fig. 1.1 (c).

a

x

l

A

W

RA

X

RB

B

W +

+

Max positive SFD

Max negative SFD

W
–

–

Max BMD

W

W

W

x( – x)l

l

l

l

– x

l

l

– x

W
4

l

Wx
l

Wx
l

(a)

(b)

(c)

(d)

Fig. 1.1

(b) Maximum negative shear at X

Negative shear occurs at X when the load is on AX (a ≤ x) and

Fx = – RB = − Wa
l

…(1.3)

The maximum value of RB occurs at X, when a = x. This is seen in Fig. 1.1 (c). Maximum

negative shear, Fx max is then − Wx
l

From the above 2 cases, we can conclude that the maximum positive shear occurs at a

section X when the load is on the section and just to the right of it. Its value is 
W (l x

l
− )

. The

maximum negative shear at X occurs when the load is at X (and just to the left of X). Its value

is 
Wx

l
.
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(c) Absolute maximum shear (Fmax max)
To get this, we can vary x to get Fmax max.

Fmax max + =
W ( )l

l
− 0

 = W, when x = 0 …(1.4)

Fmax max – =
− W . l

l
 = – W when x = l …(1.5)

Fmax + and Fmax – are plotted in Fig. 1.1 (b)
(d) Maximum bending moment diagram
(i) Load on AX

Mx = RB . (l – x) = 
Wa

l
l x( )− …(1.6)

Here, the max value of a is x

Mx max =
Wx

l
l x( )− …(1.7)

(ii) Load on XB

Mx = RA x = 
W ( )

.
l a
l

x
−

…(1.8)

The maximum value of this occurs at a = x and its value is

Mx max =
W ( )

.
l x
l

x
−

…(1.9)

Obviously, (1.7) and (1.9) happen to be identical. It represents the bending moment at X
when the load is at X (a = x)

When we plot (1.7), we get the diagram of maximum bending moment at X, when x

varies from  0  to  l.  This  is  a  parabola, [Fig. 1.1 (d)] and its maximum value occurs at x = 
l
2

and  Mmax max = 
Wl
4

, this being the absolute maximum bending moment in a S.S. beam due to

a moving load W. For Mmax max to occur, the load position is, a = 
l
2

 and the section is at x = 
l
2

.

1.2.3 S.S. Beams with a Moving udl Longer than the Span

This happens when long trains traverse small span bridges. The train wheels if they
are close enough can be treated as transmitting a udl to the bridge girder.

Again we will consider the load front to be at a variable distance ‘a’ from the L.H.
support A. Let us consider a typical section X, at a distance x from A.

(a) Maximum positive shear at X
When the load head H is left of X, section X will have only negative shear, equal to RB.

For considering positive shear, the tail of the load T, has to be at a variable distance b from A.
[Fig. 1.2 (a)]



4 STRUCTURAL ANALYSIS-II

w/m

H X T

B

l

b

x
aA

(a)

(b) Max SFD

(c) Max BMD

+

– –

w
2
l

w
8
l
2

w
2
l

( – x)l

l

2

2
w

wx
2

l2

wx( – x)
2
l

Fig. 1.2

(i) b ≤ x

when T is on AX, RA = w
l b l b

l
( ) ( )− −

2
.

Then positive shear at X is

Fx = RA – w(x – b) = w ( )
( )

l b
l b

l
− −

2
 – w(x – b)

A

x

xb
B

w/m

Fig. 1.3

when b is less than x, (x – b) is positive. Hence Fx is a maximum when b = x
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Hence, Fx max =
w l b

l
w l x

l
( ) ( )  2 2

2 2
…(1.10)

We can plot Fx max as x varies from 0 to l. This is a second degree curve and is shown in
Fig. 1.2 (b). Fx max is maximum when b is zero ; i.e., when the load covers the entire span and

occurs at A. Its value is 
wl
2

.

(ii) b > x need not be considered
(b) Maximum negative shear
By the reasoning made in section (a) above, the maximum negative shear at X occurs

when the load head H is at X. Its value is

Fx max = – RB = 
wa

l

2

2
 = – 

wx
l

2

2
…(1.11)

As ‘a’ varies from 0 to l, Fx varies parabolically from 0 to  wl
2

. This is also plotted in

Fig. 1.2 (b).
(c) Maximum bending moment
(i) Load head H on AX. (a  x)

Mx = RB . ( )
. . ( )

l x
w a l x

l
  2

2
This obviously is maximum when a = x and

Mx max =
w x l x

l

2

2
( )

…(1.12)

(ii) Load head H on XB ( a  x)

Mx = RB ( )
( )

l x
w a x   2

2

Mx =
w a l x

l
w a x. ( ) ( )2 2

2 2
  

…(1.13)

To maximize Mx, let us equate 


M x

a
 to zero.

  
w a l x

l
( )

 – w(a – x) = 0

wa – 
w a x

l
. .

 – wa + wx = 0

a = l, when x  0
Hence the load shall cover the entire span. 

Mx max =
wl

l x
w l x wx l x

2 2 2

2

( )
( ) ( )    

…(1.14)

This will have a maximum value when x = 
l
2

 ,

Since M max



 F
HG x

wl
x 2

 + wx = 0 and x
l I
KJ2
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And Mmax max = 
wl2

8
, and occurs at mid span when the load covers the entire span. It so

happens that the max BM diagram is also the same as the BMD when the entire span is
loaded uniformly.

1.2.4 S.S. Beams with a Moving udl Shorter than the Span

This situation occurs in long span railway bridges. This would give rise to more number
of load positions than in the long udl case. Let us assume a udl of intensity w and length c. The
load head H is at a distance ‘a’ from the left end A of the span. Let us consider the shears and
bending moments at a typical section X, distance x from A. (Fig. 1.4)

(a) Positive shear force F
(i) a < x. (load head to the left of X)
Shear force at X = – RB. This will not give any positive shear at X.

(ii) Let us shift the load such that the tail of the load is at a distance b from A
      (T to the right of X), as in Fig. 1.4 (b).

Fx max = RA = 
wc
l

l b
c− −F

HG
I
KJ2

…(1.15)

Fx will have its maximum value when b is a minimum, i.e., b = x. Then

Fx =
wc
l

l x
c− −F

HG
I
KJ2

…(1.16)

Now let us explore if shifting the load train to the left of x would increase or decrease Fx.
When b becomes x – Δb, equation (1.15) becomes

Fx max =
wc
l

l x b
c− + −F

HG
I
KJ

Δ
2

 – wΔb, [see Fig. 1.4 (c)]

Fx =
wc
l

l x
c− −F

HG
I
KJ2

 +
wc
l

b w bΔ Δ−

In the above equation, the quantity in the box is negative since 
c
l

 is less than 1. So we

conclude that if we move the load train to the left of X, the shear force does not increase. Hence
equation (1.16) represents Fx max.

(b) Negative shear force Fx
(i) a < x

Fx = – RB = – wc . 
a

c

l

−F
HG

I
KJ2

This will have the maximum value when a = x.

Fx max = – RB = − −F
HG

I
KJ

wc
l

x
c
2

…(1.17)

Moving the load head H beyond X will not increase this value, by the same reasoning as
for the positive shear force.
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