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1

Preliminaries

Algebra

1.1. Progressions

(1) Arithmetic Progression. Numbers a, a + d, a + 2d, ... are said to be in arithmetic
progression (A.P.), where a is its first term and d is the common difference.

(@) Itsnthterm T, =a+n-1d

(ié) Sum of n terms S, = - (2a + n—1d)

Proof. We have S =a+@+d ...+ (@+n-2d) + (a+n-1d)
Reversing the order of terms S, = (a + n-1d) + (@+n-2d) +..+@+d) +a
Adding 28 = 2a+n-1d) + Qa+n-1d) +...+ Qa+n-1d) + 2a+n-1d)
ie., 2S, = n2a+n—-1d) or S, = %(Za +n-1d)
a+b

(ii1) Arithmetic mean between two numbers ¢ and b (A.M.) =

(2) Harmonic Progression. Numbers 1/a, 1/(a + d), 1/(a + 2d), ... are said to be in Har-
monic progression (H.P.) i.e. a sequence is said to be in H.P. if its reciprocals are in A.P. Its nth

term T = - .
" a+(n-1d

Example 1.1. Find the first term and the number of terms of an A.P. whose second term is
7.75, 31st term is 0.5 and last term is 6.5.

Sol. If a is the first term and d is the common difference, then

Ty=a+d="1.75 (D)

and Ty, =a+30d =05 (@)

Subtracting (i) from (ii), we get

29d=05-7.75=-725 or d=-0.25

Then (i) gives a=1775-d=1775-(-0.25)=8
Also T, =a+n-1d=-86.5(given)

or 8+(n-1)(-0.25=-6.5 or n—1=-14.5/(—0.25) = 58.
Hence, n = 59.

Example 1.2. Find the sum of 35 terms of an A.P. whose third term is 1 and 6th term is
- 11.

Sol. If a is the first term and d the common difference, then
T;=a+2d=1 and Ty=a+5d=-11

1



2 ELEMENTARY ENGINEERING MATHEMATICS

Solving these equations, we getd =—4 anda =9

35
Hence, sum of 35 terms = > [2x9+(35—-1)(—4)] =—2065.

(3) Geometric Progression. Numbers a, ar, ar?, ... are said to be in Geometric Progres-
sion (G.P.) where a is its first term and r is the common ratio.

(L) ItS nth term Tn = ar"—l

.. al-r"
(ii) Sum of n terms S, = %
Proof. We have, S, =a+ar+ar’®+ .. +ar"!

Multiplying by r, we get rS, =ar + ar? + ar® + ... + ar"

a@l-r")

Subtracting, S,-rS,=a—-ar® or S, = 1
-r

(i) Sum to infinity S_= 1 ¢ wherer<1
—-r

Since r, — 0 for r <1 when n —

a

forr<1, Lt S (e S = I

n— oo —-r

(iv) Geometric mean between two numbers a and b i.e. G.M. = \/(ab)
Since G.M. (= G) between a and b is order that a, G, b are in G.P. i.e.
G b

- or G= [(ab)

Example 1.3. If the common ratio of a G.P. is 3, its last term is 486 and sum of these terms
is 728, find its first term.

Sol. Let a be the first term and n the number of terms in the given G.P.

a

Then T,=ar"~1=486. or a(3)"~!=486 @) [ r=3]
Also S ==Y _g9g o @130 g
n 1-r 1-3
or using (i) a—-3@3" 1) =-2x728 =—1456
or a—3(486)=—-1456 or a =2.

Example 1.4. Find two numbers whose sum is 120 and the ratio between arithmetic mean
and geometric mean is 1.25.

Sol. Let the numbers be a and b so thata + b = 120 (@)
1
Also A.M.:E(a+b)=6o;G.M.=m.
A.M. 60

GM - T T 1.25 (given) i.e. Jab = 60/1.25 = 48.
or  ab=2304, from (i), a+2304/a =120 or aZ-120a + 2304 =0

1
a = +[120+ I~ 120)° - 4 204]] = 5120 + 72) = 96.
(4) Natural numbers. 1, 2, 3, 4, ... are called natural numbers and X, pronounced as
sigma, denotes the summation sign.

nn+1
2

@H1+2+3+...+n(=Xn)=
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nn+1D2n+1)

() 12+22+32+...+n2(=Xn?= 5
2
Gi) 13+ 22+ 33+ .. +nd (=X nd) = {@} .

Example 1.5. Find the sum of the series

@)3.5+5.7+79+... to n terms (1) 1.3.6 + 2.5.9 + 3.7.12 + ... to n terms
Sol. (i) nth term of the given series = (nth terms of 3, 5, 7 ...) x (nth term of 5, 7, 9, ...)
i.e. T =@+n-2)5+n-2)=02n+1) 2n+3)

=4n?+8n +3
S, =X (4n? + 8n + 3) =43n? + 8%n + 3n

=4.%+8.@+3n=% (2202 + 8n + 1) + 1200 + 1) + 9]

(4n2 + 18n + 23).

(i1) Here T, =(nthtermofl,2,3..) (nthtermof3,5,7..)(nthtermof6,9, 12, ...)
=n2n +1)3n +3)=6n%+9n2+ 3n

w3

2
S, =63n®+95n?+ 350 = 6 [”(”; D} +9 {”(” + D@n + 1)] + 3[”(” * 1)]

6 2

=%(n3+4n2+5n+3)

Example 1.6. Find the sum of the series
D52 +62+72+... +25° (1) 3+7+14+24+37 +... to n terms.
Sol. (i) We have S=52+62+T2+..+25%
=(12+224+3%2+...+252) - (12 + 22 + 32 + 4?)
= (Zn?), _p5— (X, _4
2525+ 1D(2x256+1) 4(4+ DB +1)

6 6
_ 25x26x51 4x5x9 — 5495
6 6
(i1) Let S=3+7+14+24+37T+..+T, ,+T,
Also S=3+T+14+24+...+T, +T,
Subtracting, we get 0=3+4+7+10+13..+(T-T, )-T,
or T =3+4+7+10+13+..+(T,-T, )

n-1
2

=3+[4+7+10+13+(n—1)terms]=3+[ {2(4)+(n—1—1)3}}

Bn2-n+4)

N|iH N

S, ==[3%n? —In + 4% 1] =l{3

nn+1D2n+1) nr+1
2 - + 4n}

6

=%(2n2+3n+1—n—1+8)=%(n2+n+4),
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1.2. Permutations and Combinations
The process of arranging certain objects in a particular order is called a permutation and
the process of selecting the objects (without the older of occurrence) is called a combination.

For instance the permutations of 2 out of 3 things a, b, ¢ are AB, BA, BC, CB, CA, CB
(i.e. 6) while the combinations (groups) of 2 out of 3 things A, B, C are AB, BC, CA (i.e. 3).

!
Permutations of n things taken r at a time is "P_ = ( n Y
n—r)!
!
Combinations of n things taken r at a time is "C = S LN
"orttn-nr)!
Also "C, . ="C, ; "C,="C, =1
Example 1.7. () If "C; = "Cy, find "C,.  (b) If *P, = k*C,, find k.
Sol. (a¢) We have "Ce="Cg="C, o 1e.6=n-8 or n=14.
!
Now noy oty - M 141312 g4,
31(14-3)! 3.2.1
4! 4!
4 = = 4 = — =
(b) P2—2' 12, *C, IEY 6

‘P, =k*C,gives12=% .6 ie k=2

1.3. Logarithms
(1) Definition. If a and x are two positive numbers and p is any other number such that
a? = x, then p is called the logarithm of x to the base a and is written as log, x.
For practical purposes, base is taken 10 and logarithms to base 10 is called common loga-
rithms and is written as log, x.
Logarithm to the base e is called natural logarithm and is simply written as log x.
(2) Basic Laws:
(1) log (mn) = log m + log n, (ii) log (m/n) =logm —logn; (iii) log m™ = n log m.
(8) Particular cases:
(i)log,1=0, (i) log, 0 = — e (a > 1), (iii) log, a = 1.

Problems 1.1

1. Find the sum of all odd numbers between 100 and 200.

2. Ifthe first term of an A.P. is 2 and last term is 14. Find the common difference if the sum of the
series is 128.

3. The second term of an A.P. is 2 and seventh term is 22. Find the sum of its first 35 terms.
4. Find the sum of the G.P. series:

@) 2,-1/2,1/8, ... to 12 terms @) 2+6+18 +...+4374
5. Find the first term of a G.P. whose common ratio is — 4/5 and the sum to infinity is 80/9.
6. Find two positive numbers whose difference is 12 and whose A.M. exceeds the G.M. by 2.
7. Find the sum to n terms the series:

(1) 3.8+6.11 +9.14 + ... (1) 1.2.5 + 2.3.6 + 3.4.7 + ...
8. Find the sum of the following series:
(i) 6% + 72 + 82 + ... + 202 (1) 22+ 43+ 63+ ... + 208

9. Find the sum to n terms of the series:

+ ...

(1) 2+ 10 + 30 + 68 + 130 + ... ap L, 1,1
25 58 810
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10. If"C ="C,_, and "P,="P,__, find the values of n and r.

r+1
11. If*C/°C,, ,=1/2and"C,, ,/"C, , ,=2/3 find n and r.
1.4. Binomial Theorem
(1) When n is a positive integer
(@ +x)="Cya™x®+"Cia"~xl +"Ca™ 2%+ ... +"C a" ~"x" + ... +"C a%x"
When a =1, (1 +x)"="Cy+"Cix +"Cop? + ... +"Cx" + ... +"C x"
Expansion of (1 + x®) has n + 1 terms.

(2) Binomial coefficients. Coefficients of terms equidistant from the beginning and the end
are equal and are known as the Binomial coefficients.

ie., "C,="C,,"C;="C, _,"Cy="C, ,..[v "C,="C, _
Also sum of the binomial coefficients i.e., "C+"C, + "Cy+ ... +"C, = 2n
(8) Middle term in Binomial expansion

|

r

If n is even, then the middle term is (% + ljth term

n+3

If n is odd, then the middle terms are (n; 1j‘ch and ( )th terms.

Example 1.8. Using binomial theorem, expand
(@) (2x — 1/x)* (ii) (I + 2x — 3x?)
0

S ; 1, a1 4 3 _ 1 e of 1V
ol. () (2x__) =4y @0t (-] +ic, @ -] +ic, 20 (__)
X

X

3 4
+4C, (20)! (_ lj +4C, (200 (_ lj
X X

=1(16x%) + 4(8x3) (— 1/x) + %(4362) (1/x2) + %(2@ (= 1/x3) + 1(1/xh

= 16x* — 32x% — 24 — 12/x% + 1/x*
(i) (1 + 2x — 3x2)° = (1 + y)>where y = 2x — 312
=1+°C,y +°C,y? +5Cyy3 +5C y* +5Cy°
=1+5(2c—3x)+ % (2 — 3x%)% + % (2 — 3x2)% + 5 (22 — 32 + (2 — 3x%)P
=1+ 10x + 25x% — 403‘63 —190x* + 92x° + 570x5 — 360x7 — 675x8 + 810x% — 243x10
Example 1.9. Evaluate (3 + V2 Y — (3 - 2 )°.

Sol. We have  (a +x)" — (@ —x)" = 2[*"Cia"~1x + "Coa™ 3 23 + ..]
Puttinga =3 and x=+2, we get
(3 +4/2)5 — (3 - /2)7 = 2[3C,(3)* (V2)! + 5C,(3)2(2 ) + PC4(3)° (/2]
= 2[5(81)4/2 + 10(9)(2+/2) + 5(4+/2)] = 121042
Example 1.10. Write the middle terms in the following expansions
(@) (x/2 + Ty)10 (i1) (3x — x%/6)?
Sol. Here n = 10 is an even number, therefore (% + 1) th term i.e., 6th term is the middle

term.
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Hence, middle term = Ty = 1°C, (x/2)10-5 (7y)
e
5!(10-5)! 32

9+1 9+3
; th and %th i.e. 5th and 6th are two middle terms.

(7)5 y5 = 132 355.125 x5 5.

(i1) Here n = 9, therefore

126 x (3)°

6 x21 = 23.625 x21

T,=°C,(3x)°~* (- x%6)* =

6
Example 1.11. Find the term independent of x in the expansion of (3i - %x2 ) .
X

Sol. Let T', , | be the term independent of x.
6—r r 6-—r r
el
" "\ 3x 2 "3 2
For T, , , to be independent of x, we must have 3r —6 =0i.e.,r = 2.
: en (1Y 3V _ 5
Hence, the term of independent of x =T, =°C, | | |- = | =—5-
3 2 12
Problems 1.2
Expand the following expressions:
5
1. (x—3y)* 2. (2 _ ﬁ)
x 2
6 4
3. [\/E—\/EJ 4.(1—3+3J
b a 2 x
Evaluate the following:
5. (5 +2)%5 —2) 6. (V2 +3)5— ({2 —/3)°
Find the middle terms in the following expansions:
18 AN10
7. (Za - —) 8. (9x + —)
b 3

9
3 11
9. [3x - x—J 10. (i3 - x4)
6 x

11. Find the term independent of x in the expansion of

9 10
o2 L o Lo 2
2 3x 2x* V3

1.5. Partial Fractions

(1) We are familiar with the process of combining two or more fractions into a single
fraction. For instance,

1 1 1 2x2 + 1
+ + 5 = B
x+2 x-1 (x-1 (x+2)(x-1

Now we shall introduce the reader to the reverse process of breaking a given fraction into
a sum of simple fractions. These simple fractions are called partial fractions of the given

(@)
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fraction e.g., in (i), the fractions on the left hand side are the partial fractions of the fraction on
the right.

A fraction in which the degree of the numerator is less than that of the denominator is
called a proper fraction.

(2) Procedure to resolve a given fraction into partial fractions.

Step I. Check whether the given fraction is a proper fraction. If the degree of the numerator
is higher or equal to that of the denominator, divide the numerator by the denominator till the
remainder is of lower degree than the denominator.

Step I1. Factorize the denominator into real factors. These will be either linear or qua-
dratic, and some factors repeated.

Step II1. Resolve the proper fraction into sum of partial fractions such that
(i) to a non-repeated linear factor x — a in the denominator corresponds a partial fraction
of the form A/(x — a);
(if) to a repeated linear factor (x — a)” in the denominator corresponds the sum of r partial
A A A A
x—a (x—a)? (x—a)? (x—a)’

(iii) to a non-repeated quadratic factor (x2 + ax + b) in the denominator, corresponds a

fractions of the form

partial fraction of the form 2Ax—+B;
x“+ax+b
(iv) to a repeated quadratic factor (x? + ax +b)" in the denominator, corresponds the sum of
. . A B A B A B,
r partial fractions of the form 5 1+ 5y + 2% + Dy + X+ By

5 5+ 5 —~.
x“+ax+b (x“+ax+0b) (x*+ax+0b)
Then we have to determine the unknown constants A, A,, B, B, etc. as follows:

Step IV. To obtain the partial fraction corresponding to the non-repeated linear factor
x — a in the denominator, put x = a everywhere in the given fraction except in the factor x — a
itself.

In all other cases, equate the given fraction to a sum of suitable partial fractions in
accordance with (i) and (iv) above, having found the partial fractions corresponding to the
non-repeated linear factors by the above rule. Then multiply both sides by the denominator of
the given fraction and equate the coefficients of like powers of x or substitute convenient
numerical values of x on both sides. Finally solve the simplest of the resulting equations to
find the unknown constants.

x% + 23x - 18
X +x-2)2 -1
Sol. Since it is a proper fraction, we write it as

*+23x-18 _ A B C
x=Dx+22x-1 x-1 x+2 2x-1
To find A, put x = 1 in the L.H.S. except in x — 1’ itself. Then

Example 1.12. Resolve into partial fractions

_1+23-18 _
S A+2@-1
To find B, put x = — 2 in the L.H.S. except in factor ‘x + 2’ itself. Then
4-46-18 60

B —4.

T C2-DC4-1 15
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