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PREFACE

This book is intended to serve as a textbook for the course in “Matrices’ for B.Sc./B.Tech./M.Tech./
B.B.A. and B.C.A. students of different Indian Universities exams. The various concepts and related
theorems have been given in a lucid and simple manner, leaving no scope of confusion. The language
used in this book is simple and it contains a fairly large number of solved and unsolved problems.

The requirements of the students have been a major factor kept in mind during compilation of this
book. In every chapter concepts and theorems are discussed in details. This has been done with a
view that even the beginners may not find any difficulty in grasping the subject matter. Great care
has been taken in treatment of subject matter. The subject matter is systematic. It includes various
important topics in the course studies of this subject. Planning has been done to present solutions to
the problems in a lucid way.

We earnestly hope that the present work will serve alike, the students and our esteemed and
learned colleagues in the best possible way. We have a conscious effort to make the book students
friendly. We hope that the students will find the book interesting. We have made our best efforts to
bring the book free from errors. However, we shall be grateful, if the readers communicate us any
omission or errors or any valuable suggestions for improvement of the quality of the book for next
edition.

—Authors
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FOREWORD

I feel privileged to go through the text of the book, it has been written with a view
point of welfare of the concerned students. It reflects upon the labour to which
author has been put to, in the preparation of the book. The author has left no stone
unturned in giving the most comprehensive shape to the matter included in the
book. The mathematical theorems and problems are well explanatory and are
anticipated with perfection. At last, I can say that the author’s have become
successful in achieving their goal.

I'wish them lots of congratulations.
A.K. Singh
HOD Deptt. of maths
and Director, Tehri Campus,
H.N.B. Garhwal University
Uttarakhand



Chapter

INTRODUCTION TO MATRICES

1.1 MATRIX: DEFINITION

A matrix is rectangular array of scalars i.e., all those numbers that obey the algebraic laws of
addition, subtraction, multiplication and division. The system of numbers, arranged in rectangular
array is in rows and columns and bounded by brackets. Normally, this array is enclosed within
square brackets. [ ], sometimes parenthesis () or otherwise double vertical bars | | are used.

More refined definition illustrates matrix as set of (imn) numbers (real or complex) which are
arranged in a rectangular array having m rows (horizontal lines) and n vertical columns, called as
(m x n) type matrix.

Each of (mn) numbers which constitutes matrix, is called element of matrix.

5 7 -1
For example,
3 4 8

got 2 rows and 3 columns and 5,7, -1, 3, 4, 8 are its elements.

} is a 2 X 3 matrix or in other words, it is called matrix of order 2 x 3. It has

In order to locate the position of particular element of matrix, we specify the number of row and
column in which the element occurs. Any element occurring in i row and j column will be referred
toas (i, j)th element.

Hence any (m x n) matrix can be represented as :

GH1 ap Mz My
an ax Apz o Aoy
A= | ay as Az e 3y
| Am1 A2 Az o Dun
= (aij)m Xn

Here each element possess two suffixes. The first suffix indicates row and second suffix indicates
column in which element lies. Entries a;; belong to algebraic system is called field and a; refers to

1
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element which belongs to i row and j™ column of matrix, normally may be called as the (i,

)th

element.

In compact form, above matrix can be also written as

A= [ayl,, «nor A=layl,, wherei=1,2,..,mandj=1,2,..,n

Generally, matrix is denoted by capital letters i.e., A, B, etc., while its elements are represented by

small letters.
1.2 MATRICES : IT’S TYPES
1. Real Matrix : Any matrix is said to be real if all of its elements are real numbers, i.e.,
For example,
1 2
A= ﬁ 7 | is a real matrix.
-5 8

2. Row Matrix : Any matrix which contains only one row and any number of columns, is called
row matrix or row vector. If row matrix has m columns, then order of that row matrixis 1 x m.
For example,

A=la, ay a3 - 4]
is a row matrix of order (1 x m)

3. Column Matrix : If a matrix contains only one column and any number of rows, then that
matrix is called column matrix or column vector. If column matrix has n rows, then order of
column matrixisn x 1.

For example,
G
ap
A=|a, is a column matrix of order (1 x 1)
y nx1
4. Zero or Null Matrix : An (m x n) matrix is called zero matrix if all of its elements are zeroes.
For example,
0 0 O . .
O= is a null matrix of order (2 x 3).
0 0 0]
X3
5. Square Matrix: If m =, i.e., a matrix in which number of rows is equal to number of columns,

is called square matrix.
Thus a matrix A = [a;],,,,., s a square matrix of m = ni.e.,itis denoted by A = [a;],, ., or A =[a;],.
Hence for square matrix, having n rows and n columns, we call it as “Square matrix of order n”
or an “n rowed square matrix”.
7 2 5
For example, |1 3 9| is square matrix of order 3 and its diagonal elements are 7, 3, 12.
8 4 12
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10.

Here elements 7, 3, 12 of square matrix are called its diagonal elements and diagonal along
which these elements tie is called principal diagonal.

In Square matrix, I = [a;]
(@) For element lying along principal diagonal we havei =j
(b) For elements lying above the principal diagonal we havei <j
(c) For elements lying below the principal diagonal we havei>j
(d) For non diagonal elements we havei #j.

The sum of all diagonal elements of square matrix is called its trace. Hence, trace of n rowed
squared matrix A = [a;] is

lln + azz + ll33 + ll44 + . + lln” = ZIZZJ .
Diagonal Matrix : If all the elements of a square matrix are zero except those in leading

diagonal, then that matrix is called as diagonal matrix. Thus, if the square matrix A = [a;] is
such that a;= 0, wheni #J, then A is called diagonal matrix.

1 0 0
For example, |0 4 0| is a diagonal matrix and it may be written as diag (1, 4, 8).
0 0 8

Scalar Matrix : A diagonal matrix of order n in which all diagonal elements are equal, is called

scalar matrix.
Thus in scalar matrix A =[], ., we have

|0 wheni=j
%=1\ wheni= j, where A = constant

e L
F elo 5 of & 71 0 0O ] tri
or examp e, 0 0 5 0 0 -1 0 are scalar matrices.

0 0 0 -1

Unit Matrix or Identity Matrix : Scalar matrix each of whose diagonal element is unity is
called unit matrix or identity matrix. Iis denoted by I,..

L - 0 ji#]
Here, A = [a;], « , is unit matrix if a; = o
/ o1 =g
1 o 1 0 0
So, I,= {0 J ;I;=10 1 0] areunit matrices of order 2 and 3 respectively.
0 0 1

Triangular Matrix : A square matrix in which all the elements either below or above the
principal diagonal are zero is called as triangular matrix. Thus a triangular matrix can be
upper triangular or lower triangular.

Upper Triangular Matrix : A square matrix in which all elements below the leading diagonal
is equal to zero is called upper triangular matrix. Thus, square matrix A = [4;] is upper trian-
gular matrix ifa; = 0 fori>j.



MATRICES

11.

12.

13.

1 G Gy 1
0N oo Az

For example, A=10 0 \d3 a3, | is an upper triangular matrix.
0 0 ... a,

Lower Triangular Matrix : A square matrix in which all the elements above the leading diago-
nal is equal to zero is called a lower triangular. Thus, the square matrix A = [4;], is a lower
triangular matrix of a;; = 0 for i <j.

a 0 0 eeee 0
Gy 0 eeee 0
For example, A=|azy a3 azg N 0 | | is alower triangular matrix.
L anl anz ...... ann ]

Equal Matrices : Any two matrices A and B are said to be equal (written as A =B) if and only
if they are of same order and their corresponding elements are equal.

Thus, if : A= [a;l,, <, and B = [b;], ., then A =B if and only if
1. m=pandn=gq. 2. a;=b;Viandj.
For example,
7 4 2 7 4 2
1 3 5jland|1 3 5| areequal
6 7 12 6 7 12
2 4 2 2 4 8
While|6 9 4|and|6 9 5] arenotequal, ascorresponding elements are not equal.
3 6 8 3 6 8

Sub-matrices of a Matrix:

A matrix which is obtained by deleting or eliminating off. Some rows and columns from given
(m x n) matrix A is called the sub-matrix of A.

3 6 8 14
1 9 5 14 2
Thus, matrix B = is sub-matrix of matrix, A = .
4 8 7 1 1 2
9 3 14 8

A square sub-matrix of square matrix A is called principal sub-matrix of A, if its diagonal
elements are also diagonal elements of matrix A. All principal sub-matrices, are obtained only
by emitting corresponding rows and columns.
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1.3 EQUALITY OF MATRICES

Two matrices A = [a;],, ., and B = [b;], ., are said to be equal if and only if they have same order and
their corresponding elements are equal i.e., a;; =b; Vi, ]

Thus, if A =[a;],, ., and B =[b;], ., then A =B if and only if
1. m=pandn=g. 2. a;=b;Viandj.
For example,
1. The equality [p q r]: [a b c] is equivalent to three equationsp=a,q=b,r=c
2. Th lit ’ 1 ’ ! b “Ii ivalent to si ti
. = ns.
e equality e i P is equivalent to six equations

p=a,q=b,r=c,p'=a,qg=b,r=c.

1.4 ADDITION OF MATRICES

Let A = [a;] and B = [b;] be any two comparable matrices each of type m X n. Then their sum A + B is
defined as the matrices A + B =[a;; + b;] i.e., the sum of two matrices of the same order is formed by
adding the corresponding elements. So matrix A + B shall be having same order as of A or B.

Hence thereof, we can always add any two matrices of same order and they are said to be conform-
able for addition. If the two matrices are not of the same order, then they are said to be non conform-
able for addition.

For example,

x x x
1. A= { 1 12 13 } and B= {yn Yz Vs } , then two matrices A and B are conformable
Xa1 Xpp o Xp3 Y. Yo VYo

for addition and we obtain

Xq1 + X1y + X4 +
A+B= { 11 T Y1 12 t Y12 13 y13} '
Xo1+ Yo XptlYxp o Xzt Xp3
2. IfA 2 8 13 dB 8 thent tri t f ble for additi
. =19 16 4 and B= > 13 en two matrices are not conformable for addition.

1.5 PROPERTIES OF MATRIX ADDITION

Matrix Addition obeys following properties :
1. Matrix addition is commutative: If A and B are same order matrices then
A+B=B+A.
2. Matrix addition is associative: If A, B and C are three matrices of same order then
(A+B)+C=A+B+C)
3. Existence of Additive Identity: If A =[a;],,, , be (m x ) matrix and if O be the null matrix of
same order as of matrix A, then
A+O=0+A=A
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